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SUMMARY
For flow over a square-edged broad-crested weir the ratio of the measured 
discharge to the discharge predicted by simple one-dimensional theory may be 
expressed as an empirical coefficient. This coefficient has been found to have
an almost constant value for a certain range of heads on any such weir. The
thesis describes the development and verification of an analytical approach to 
account for the flow pattern in this range and, hence, for the factors limiting 
the range and for the value of the coefficient under these conditions.
The hypothesis has as its basis the fact that a separation zone or roller 
is formed at the upstream edge, where the main flow is unable to follow the sharp 
right-angle corner but follows instead a curved path of finite radius. A control 
for the flow over the weir is thus established at a cross-section over this 
roller. To permit mathematical development, the simplifying assumption is made
that within the roller the static head is constant while the main flow outside
the roller is irrotational and hence amenable to treatment by potential flow 
theory. It is then possible to select tentative lines for the surface and for 
the outline of the roller and, by a relaxation technique, to obtain the distri­
bution of values of the stream function. Velocities at the boundaries are then 
calculated; if these do not satisfy Bernoulli's equation, the boundaries are 
modified and the calculation is repeated. The digital computer facilitates the 
calculation and the plotting of streamlines.
Downstream the surface profile rises and, with increasing crest length, 
waves and a hydraulic jump may be formed establishing a second control at the 
downstream end. These facts are related to accepted friction and wave theory.
Experimental work confirming the analytical treatment is described. With 
weirs set in a laboratory flume, the flow pattern near the upstream edge was 
established using a pitot cylinder. In addition, surface profiles were observed 
as were velocity and pressure distributions along the crest^which permitted an 
assessment of energy degradation. Flow-head relationships were recorded and 
they are compared with the findings of earlier workers.
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1. introduction'
The simple one-dimensional approach to flow over a horizontal broad- 
crested weir involves the assumption of critical flow along the crest. In 
fact, however, for a square-edged broad-crested weir, the coefficient of 
discharge, the ratio of the flow as measured to the flow as predicted by 
this simple theory, differs very appreciably from unity. Experiments have 
shown that it varies considerably but that there is a range of conditions 
for which it is very nearly constant, at a value in the region of O.85.
There is in fact a considerable body of previous work entailing observations 
not only of discharges but also of surface profiles to which repeated reference 
will be made in the thesis. Nevertheless, a complete theoretical treatment 
to account for the behaviour of the weir was still lacking; the nature and 
location of the control was in doubt.
The basic aim of the present work was, therefore, to study the square- 
edged broad-crested weir over the range of working conditions for which the 
coefficient is nearly constant, with the object of obtaining as full an 
understanding of its action as possible. The intention was to develop a 
hypothesis•which, through mathematical development, could account for the 
important aspects of flow in the constant coefficient range including the 
factors setting the limits of that range. Such a hypothesis would require 
not only to account for the facts as observed in previous work but to stand 
up to experimental testing of the implied consequences.
The hypothesis developed centred upon the roller or eddy created by 
separation at the upstream edge, whose formation had already been noted by 
others and likened to a subsidiary weir. The control, the author postulated, 
would be situated over the roller in a region where the flow would be curved 
throughout. It was decided, therefore, to treat the flow outside the roller, 
or region of separation, as effectively frictionless and so permit the appli­
cation of potential flow theory. The author made the further simplifying 
assumption that the roller would have a sharply defined boundary and that
within this boundary the piezometric head would be virtually constant so 
that along the boundary the velocity would be constant also.
Accordingly, the surface outline and flow pattern (as defined by the 
distribution of the stream function) which would yield the maximum discharge 
consistent with satisfying both Laplace and Bernoulli equations were determined 
using a relaxation technique aided by a digital computer. Cases of both infinite 
and finite crest length were studied as were also cases of infinite and finite 
weir height. Experiments were carried out to check the results for finite weir 
height against practical measurements. The thesis demonstrates the degree to 
which the analysis accords with the known facts of the surface profile at entry 
and the head-discharge relationship and is able to predict the flow pattern in 
the relevant region over the roller.
A subsidiary object of the work was to give a theoretical account of the 
profile formed downstream of the inlet section and particularly to show that 
for a considerable range of working the control near the upstream edge is 
unaffected although the form of the profile varies considerably. The obser­
vations described will show that the depth increases until, with a weir of 
sufficient length, it approaches the critical value for the discharge. For 
greater crest length a second control is established at the downstream end, 
the supercritical and subcritical profiles thus created being linked by a 
wave train and in some cases by a hydraulic jump. It was possible to show 
that these effects are explicable in terms of friction and wave formation 
theory. Measured velocity and pressure distributions serve to confirm the 
treatment suggested.
The constant coefficient range was found to be limited at one end by the 
crest being so short relative to the head that the roller cannot be accommodated 
without substantial modification; at the other end by the supercritical flow 
being completely drowned by the subcritical profile controlled from the 
downstream end.
In the body of the thesis, therefore, after a review of the factors
neglected in simple one-dimensional theory, the author's hypothesis accounting 
for the behaviour of the weir is developed. The analytical treatment proceeding 
from the hypothesis is described in detail together with the experimental work 
by which its validity was tested.
Symbols are defined where they first occur and a full list is given in 
Appendix E.
SI units are used as the basic units but where English units were used in 
the calibration of instruments or in the dimensions of articles these are given 
with the corresponding SI units in parenthesis.
2. SIMPLE ONE-DIMENSIONAL APPROACH
2.1. Energy
Fig-1.
Probably the simplest approach to the problem of flow over a square-
edged broad-crested weir is to use a one-dimensional approximation and to
assume that the water will flow over the weir at constant depth with uniform
velocity and hydrostatic pressure distribution so that all streamlines are
parallel. Fig.l. shows such a weir, length L, height P; upstream the depth
is dQ , the velocity is vQ and the water surface is height h above crest
2
level, so that the total head above crest level is H (= h + -p- ). On the crest
2g
v2
the depth is d, the velocity is v and the specific energy is E (= d + — — ).2g
Then, by Bernoulli’s theorem, neglecting any dissipation of energy,
Flow per unit width q = vd
= d >/2g(H - d) ------------  (la)
or, if velocity head is neglected or becomes zero as d0 becomes 
infinite,
q = d J2g(h - d)   (lb)
To this situation, Belanger (l) applied the principle that the discharge
would be the maximum possible for the given total head, H. Then, differentiating
q with respect to d, and setting equal to zero, it is readily shown that q
v2 H d
will be a maximum for d = l-H (and, correspondingly —— = —  = —  • Thus, as
2g 3 2
noted by Binnie (2), the velocity over the crest is equal to that of a long
wave of small amplitude).
Substituting for d in the Equation fra)
q = Jg (f-H)1   (2a)
or, if approach velocity is neglected
q = yfg (fh) 2   (2b)
Boussinesq (3, 4) later generalised Belanger's principle and Boss (5, 6)
subsequently developed the principle that when flow passes from the tranquil
to the rapid state it passes through a point of "critical depth". At this
depth, the total energy measured from the floor at that point is a minimum
\
for the given discharge. The application of this principle, that -t-t = 0,
o d
will yield the same value d = §H for the parallel flow over the weir with free 
outfall as did Belanger's principle. The matter is well summarised by Jaeger (7) 
who shows that the notion of critical depth is still valid when streamlines are 
not straight and parallel but curved.
2.2. Momentum
The momentum principle may be applied to this as indeed to any flow 
situation.
1 2
Fig.2. .
Thus Musterle (8) considered a weir with sloping ends as in Fig.2. and assumed 
that the pressure on the upstream face varied linearly from ^OgdQ to yogd' 
where p  is the density of the fluid and d' is the depth over the upstream edge.
Then, per unit width, neglecting friction,
Change in momentum per unit time = balance of hydrostatic forces 
between 1 and 2
(dv2 - dgVq2 ) = jog ( 4r
P
dp + d ' cl .
2 * ~ 2 '
If, further, d is assumed to be the critical depth, dn, so that d = —  ,
9
4 j 2 ^ j , 4v
“  - dovo =g
and
dp + d * 
2
v
2g'
v = f  (a02 +
q = vd 
v3
g
- (d0 + d ’) P )
2 + Sd^VQ2
g
-  <d0 + d ' > p ))■ 9* (i( ^
This Equation (3) would be quite applicable to the special case where the 
end slopes are vertical, so entailing a square-edged weir. Apart from the 
assumptions as to pressure distribution over the upstream face of the weir and 
parallel flow at critical depth over the crest, it suffers from the practical 
disadvantage that it contains the depth d 1 which must be established, whether 
by further analysis or by experiment, before the equation can be applied.
(3)
Fig.3.
Doeringsfeld and Barker (9) applied the momentum principle to the square- 
edged broad-crested weir. Their laboratory experiments showed that, over a 
certain range of heads, the water surface was very nearly parallel to the crest 
for at least part of its length. Instead of the depth in this stretch being,
(or, more precisely, where
K varied from 1.73 to 2.12 with a mean of 1.93)- Further, their measurements 
showed that on the upstream face of the weir the pressure distribution was 
very close to hydrostatic, increasing linearly with depth from a value of 
zero at a point level with the upstream water surface (Fig.3.).
On this basis,
Difference in hydrostatic force = change of momentum per unit time
This formula is relatively insensitive to the value of k and the authors 
claimed that, if a value of 1.93 or even simply 2 was used, it gave an accurate
when checked against their own discharge measurements but also against the 
findings of Bazin (10) and the U.S. Geological Survey (ll). They acknowledged 
that the accuracy of the formula would be doubtful in cases where the crest 
length was too short for the water to become parallel to the crest over any 
part of the length; nor did the measurements cover the situation where standing 
waves formed on the crest. They did not, in any case, seek to show any reason 
why k should have a particular value, but rather that the observed value was 
compatible with the discharge.
9d0
Now dQ - P = h and h = kd , so that, solving for q,
(4)
basis (i.e. within a few percent) for computing flows over such a weir not only
3. EMPIRICAL COEFFICIENTS
Flow over the weir is affected by a number of factors ignored in the 
simple one-dimensional approach of Sec. 2.1. These factors will be further 
examined in the next section, but an empirical approach may be taken in order 
to develop a simple equation linking the flow per unit width, q, with the 
directly measured head, h. A coefficient of discharge, C, may be introduced 
into Equation (2b) to overcome the discrepancy between simple theory and 
experimental results. Thus,
2
q = C Jg (fh)2   (5)
Various experimenters have determined values of C for broad-crested weirs
with sharp edges, with which the present work is primarily concerned. Notable
among these are Bazin (10), Horton of the U.S. Geological Survey (ll) and
Woodburn (12). Tracy (13) analysed the experimental data on broad-crested
weirs available in 1957 and, more recently, the matter has been summarised by
Singer (l4) and Govinda Rao and Muralidhar (15)• The latter made the point
that the coefficient may be dependent upon the head, h, the weir dimensions -
height P, length L, width B - and the effects of viscosity and surface tension.
In terms of dimensionless parameters,
C = f ( |  , |  , £  , Re, W ) ------------  (6)
where Re and W are respectively Reynolds and Weber numbers. Viscosity and
surface tension and hence, Re and W, they asserted, are only significant for
h
very small heads and —  only for narrow weirs, i.e. where the head is a large
13
h,fraction of the width. Further, they stated that provided —  lies between
0.1 and 1.0 , it appeared from their experiments to have no significance relative
to C. Equation (4) of Doeringsfeld and Barker (9) showing a dependence of C
h.
upon —  would thus not be substantiated (this point was made by a contributor 
to the original discussion upon the paper (9))- Singer also concluded that —  
is only significant for higher values - greater, he suggested, than 0.54.
Provided, therefore, that h is a small fraction of both P and B, it seems
h
that C may be expected to be a function of —  alone. Rao and Muralidhar 
presented their results as a graph of Cv ~  with the results of Bazin and
J_/
Horton also shown for comparison (Fig.4.)
c
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Fig.4.
It will be seen that there are appreciable differences between the various sets 
of results; Rao and Muralidhar could put forward no reason for this with any 
confidence but suggested that it might be the effect of different conditions 
of working. (The diagram is intended only as an indication of the trends of 
previous findings. For a fuller discussion of the work on the values of the 
coefficient in the approximately constant range, see Sec. 9«3« where the 
writer's own results are compared with those of others.)
Despite any disparity between different authors, a clear overall trend 
does nevertheless appear. The graph Cv —  may be divided into three ranges:-L
!l h
Range 1 —  < 0.1 approximately. C rises with ~
L  Li
Range 2 0. <0.4 approximately. C is almost constant
Li
hi h
Range 3 T" ^ 0.4 approximately. C again rises with —
Li Li
(Ultimately, as L becomes negligible relative to h, the condition of 
a sharp-crested weir is approached.)
In Range 1 (Fig.5a.), it has been observed, standing waves are likely 
on the crest. In Range 2 (Fig.5b.), flow may be virtually parallel over a 
portion of the crest. In Range 3 (Fig.5c.), the surface profile is curved 
throughout and, indeed, as L  becomes large, say 2, the lower nappe springs
Li
clear of the crest from the upstream edge.
a. Range 1
b.Range 2 c. Range 3
F i g . 5-
This pattern of behaviour being known, it was the object of the present 
work to account for it in detail and to develop an analytical basis, substan­
tiated by experiment, capable of predicting the flow situation under the 
various conditions. In particular, attention was to be directed to Range 2, 
where C is almost constant, in an attempt to account both for the value of C 
and for the upper and lower limits of its range of applicability.
The various factors which might be expected to affect the flow are 
therefore set out in the next section.
4. SIGNIFICANT FACTORS IGNORED IN SIMPLE ONE-DIMENSIONAL THEORY; PREVIOUS WORK
A number of factors are ignored in the simple one-dimensional approach 
indicated in Sec.2. All had received some mention from previous workers and 
all needed to be considered in attempting to develop a hypothesis accounting 
for the departure from simple theory. It was thought that it might not be 
necessary to take all of them into account if it was merely desired to develop 
a basis for a valid q v h relationship. It seemed likely, on the other hand, 
that all must have some effect on the flow pattern and that all, therefore, 
must be included if a full overall understanding was to be reached.
4.1. Approach Velocity
Approach velocity, the velocity of the water upstream of the weir, is, 
perhaps, not properly a separate problem at all. The original simple Equation (la) 
expresses the flow in terms of the total head H, which, of course, incorporates 
the velocity head upstream directly. It is when an attempt is made to relate 
the flow simply to h, the height of surface upstream, as in Equation (lb), that 
the velocity head has either to be neglected or to be taken into account by the 
insertion of a suitable coefficient. The use of the surface level upstream 
rather than the total head is certainly attractive for practical purposes as 
it may be measured directly. Thus, while the effect of velocity of approach 
is readily appreciated on the simplest theoretical basis, it would be valuable, 
if possible, to derive an expression which would avoid its measurement when 
estimating flow over a broad-crested weir. Its effect, too, it might seem, 
could be held to be separate from that of all the other factors. This approach 
is epitomized by the works of Engel and Stainsby (l6, 17, 18) who advocate the 
use of a formula of the form:-
1
q = C Cva (fh)2   (7)
where Cva is a coefficient which takes into account the effect of approach 
velocity alone and which is a function of the depth upstream, d0 , and the depth
on the crest, d (see Fig.l.). The matter appears to become more complicated,
however, if, as already stated, it cannot be asserted that d = §H. It is
only if this assumption can be made that the calculation of the velocity of
approach can be detached from the consideration of the other factors. If it
cannot, C va cannot readily be evaluated by simple analytical considerations.
Clearly, however, C va is dependent upon and, as mentioned in the previous
section, the overall coefficient C becomes almost independent of when P is
h v 2
several times h. This corresponds to the fact that if —  is 5, — is of the
P 2g
order of 1% of h and the error involved in taking h as equal to H is corres­
pondingly small. The scope of the present investigation is intentionally 
limited to the range where the effect of , or of Cva, is no more than 
secondary.
4.2. Curvature
The simple theory of Sec.2. assumes uniform velocity parallel to the weir 
crest with hydrostatic pressure distribution. Obviously, however, the flow 
must be curved in, at least, some portions, as, for example, where the surface 
drops from its upstream level to the stretch over the weir and again where the 
surface drops away at the free overfall. Indeed, for short weirs, say with 
L < 2.5H, it may be observed that there is no portion at all where the surface 
is even approximately parallel to the crest and the flow is, in fact, curved 
throughout. For weirs in this range, therefore, the problem is of its whole 
essence one of curved flow. Even for longer weirs, where parallel flow does 
occur, it remained to be established what the effect of the regions of curved 
flow would be and these regions needed, therefore, to be investigated both by 
analysis and experiment. (It was not at once obvious, in fact, whether, when 
there was parallel flow over the weir, it might not still be the controlling 
factor, despite the curvature at each end.)
Bretschneider (19), in his work on broad-crested weirs, acknowledged the 
problems created by curved flow (his experiments dealt, in fact, with weirs
with sharp corners and varying end slopes, 1:1, 1:1.5 and 1:2; they did not,
therefore, cover the truly square-edged weir but the behaviour of these closely
allied types must show many similarities). He concluded that, provided the
head on the weir was sufficient to avoid the formation of waves, then critical
depth would occur at some point on the crest at which the velocity distribution
was almost uniform. (Measurements of velocity were made with a current meter
of 15 mm diameter. With depths of the order of 100 - 200 mm, this can scarcely
have permitted the accurate examination of sharp velocity gradients such as
occur in a boundary layer.) If this were so, a one-dimensional treatment could
then be applied to determine the discharge provided that the energy at the
critical section was known. Bretschneider found in his experiments that there
was significant dissipation of energy at the entry but, in the case of wave-free
profiles, little effect due to friction on the crest. Thus, the empirical
discharge coefficients which he determined, 0.903, 0.944 and 0.920 for end-slopes
L
1:1, 1:1.5 and 1:2 respectivelytfor the range 2 —  < 7, reflected m  his opinion
the effect of these energy changes at entry.
When waves formed, he declared, there was no cross-section of critical depth 
with uniform velocity distribution so that curvature, present -throughout, consti­
tuted a great problem. In these cases, he advocated calculation of the discharge
from a knowledge of the velocity distribution over a vertical cross-section at
the upstream edge. Thus with head h on a weir of height P and depth at the 
upstream edge d' (Fig.2.), Bretschneider found that the velocity distribution 
at that point was linear and could be expressed by the equation
v = c, y~2g (H - d ) + c2
where y is the height above the sill and c 1 and c2 are empirical coefficients.
The discharge is then given by
q = J d (c, ^ 2g (H - d ') + ) dy ---------  (8)
Bretschneider’s experiments yielded empirical values of d', which depended on 
the upstream slope, c 1 , which depended on h and P, and c 2 , which depended 
upon h and the upstream slope; hence a figure for discharge may be calculated
for a given weir and head. The work shows a great awareness of the difficulties 
involved due to the changing manner in which a broad-crested weir may operate 
under varying head. The means which it affords of calculating discharges in 
the differing cases for the range of weirs considered rely upon empirical 
coefficients, however, and do not provide a wholly analytical solution to the 
problem. In Sec.5*i the author will seek to develop an approach which deals 
directly with curvature and thereby provides an analytical basis not only for 
calculation of the discharge coefficient but also for the understanding of the 
whole flow situation.
4.3« Separation
For a broad-crested weir with a well rounded upstream edge of sufficient 
radius, the pattern of flow will follow the rounded profile of the weir without 
separation.
With a square-edged broad-crested weir, however, the flow lines leave the 
sill at its upstream edge. If the weir is very short the lower nappe may spring 
clear of the weir entirely at this edge and, clearing the remainder of the crest 
entirely, may suggest exactly the action of a sharp-edged thin plate weir (Fig.6a.)
separation zone 
or 'roller1
a. b.
Fig.6.
With a rather longer weir, however, the nappe is unable to spring completely 
clear of the crest and, in this case, the main flow re-attaches itself to the 
crest a little way downstream (Fig.6b.). A 'bubble* or 'roller' is formed at 
the edge as shown; the second term is probably the more apt as the region is
filled, not with air as the term 'bubble' might imply, but with re-circulating 
water forming a space distinct from the main pattern of flow (see Plate 1, a
photograph of flow past the upstream edge of a weir, in which the flow lines
are clearly indicated by the traces of small bubbles of entrained air).
Keutner (20) observed this roller in his work nearly forty years ago and 
was able to measure its approximate dimensions with the aid of threads which 
took up the local direction of flow; he assessed the height of the roller as 
0.15h and its length as 0.77h.
So far, it appeared, no analytical method had been produced to account 
completely for the flow pattern. Hall (2l) acknowledged the problem in his 
paper (see, further, Sec.4.4.) setting out a treatment for this type of weir 
for which a knowledge of the height of the roller would be fundamental. He 
suggested that the height of xhe roller might be expected to be comparable 
to the greatest height of the lower nappe for a sharp-edged thin-plate weir.
This has been calculated for an infinitely high weir of this kind to be O.llOh 
by Hay and Markland (22) using the electrolytic tank and to be 0.113h by McNown, 
Hsu and Yih (23) using a relaxation method. These figures compare closely with 
the experimental results of the U.S. Bureau of Reclamation (24).
Von Mises (25) calculated the flow over a thin-plate weir analytically.
First he calculated by conformal transformation the discharge for two-dimensional 
flow, without gravity, through a parallel-sided slot at the end of a passage 
enclosed by parallel sides; then, he modified the results so as to apply to flow 
over the weir by making the assumption that the curvature of the nappe due to 
gravity had no effect on the discharge. This, he found, gave values close to 
experimental figures.
Hall sought to apply Von Mises' findings in order further to substantiate 
the height of the roller at the upstream edge of the sharp-edged broad-crested 
weir. Von Mises had shown that the contraction coefficient for two-dimensional 
flow through a slot was 0.611 for an approach passage of infinite width. The 
same coefficient applied to a circular orifice would imply a vena, contracta of
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diameter 0.782 times the diameter of the orifice. In turn the distance 
measured radially between the edge of the orifice and the contracted jet 
would be 0.109 times the diameter of the orifice. By analogy Hall suggested 
the height of the roller might be inferred as 0.109h. The figure is close
to the measured quantity but the reasoning is perhaps excessively devious
and the agreement may be fortuitous.
The present writer could not accept the comparison with the thin-plate
weir without close scrutiny, for an important difference existed in that the
pressure in the region of the roller was unlikely to be atmospheric, as would
be the. case under the lower nappe of the thin plate weir. With free streamlines
under gravity conditions variations in this pressure must have an effect
%
(unlike the case of flow through a slot, without gravity, where changing the 
pressure difference across the slot will alter the discharge but leave the 
form of the jet unchanged). It was, in any case, evident that the formation 
of the roller was only one aspect of the overall flow pattern and that if its 
form was to be not merely measured but predicted by analysis, it must be 
considered in conjunction with the overall problem of curvature mentioned 
above. This, therefore, is done in Sec.5«
4.4. Friction; Boundary Layer
As the water flows along the crest, it may be expected that, since it 
is a real fluid, a boundary layer will develop. The velocity will not be 
uniform over a given cross-section, as assumed in a one-dimensional treatment, 
but will increase from zero at the floor. At the same time, the total head 
will decrease with distance along the crest.
An allowance for the effect of friction upon the flow may be made using 
an appropriate formula for uniform flow conditions. Thus Ackers and Harrison (26) 
in their paper on critical depth flumes, advocated the use of the Darcy-Weisbach 
formula as giving sufficient accuracy although representing an approximation.
Such formulae, however, are properly applicable to fully developed flow where
the boundary layer, having grown to fill the .entire depth of flow, has 
thereafter a constant form. In the present case the boundary layer will be 
developing along the crest; the writer considered that a better value for 
energy loss and, perhaps more important, a better fundamental understanding 
of the whole problem, could be obtained through a knowledge of the manner in 
which the layer developed. Misconceptions would at least be removed; it was 
quite possible, however, that the friction formula approach would be shown 
to yield adequate accuracy.
The boundary layer thickness, it might be supposed, must, in some way, 
be related to the separation at the upstream edge although,the writer acknow­
ledged,the exact manner of its re-attachment and subsequent development might 
not be easy to predict by analytical methods alone.
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Fig.7.
Hall (2l), whose work has already been mentioned, suggested that, for a 
weir of infinite height and a head H, the height of the separation roller, which 
he took as 0.109H at point A distance H from the edge (Fig.7«), might be 
considered as equivalent to the displacement thickness,8 ], of the boundary 
layer at that point. Further, he suggested that the boundary layer would 
develop as though for a flat plate with its leading edge so placed that S y. 
at A would be 0.109H.
Assuming a l/7th power law for velocity distribution, whereby (see 
Schlichting (27))
at distance x from the leading edge of a plate in a stream of fluid, kinematic 
viscosity v  , velocity v, it was possible to calculate the distance of 0 from 
A, Lo.
4_ 4_
s, _ x = 0^46  h(| )5 _ 0^046 h (3 )5
<^ )5 (v£)T' H <Re>HS ”
At A,
^ 0.046, ../Lo,50.109 H = (Re) L H ( h )
H
TT - 2-84
At the downstream end of the weir B, where is a maximum, $1 max,and
l.
the distance from 0 is 2.84(Re) 4H - H +■ L,n
^ 1 max = ?*-v^i H (2.84 (Re)"1 - 1 + )5 ------------  (9)
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If, then, the displacement thickness, 6^  , of the boundary layer had grown to
a maximum of max at the downstream end of the weir, then the discharge would
2
be not q = Jg (|H)2 as in Equation (la) but
_3_ 2
q = Jg (f)2 (H - ^imax)2
Thus, from Equation (5)5 C = l -  (10)
c1 jjj 3.X
as for a high weir where h = H, higher powers of    being neglected.
It was possible to show that this approach gave figures in close.accord 
with Bazin's results, but, apart from difficulties as to an analytical basis 
for the roller height, experimental verification for the manner of development 
of the boundary layer was lacking. Criticisms of the approach were expressed 
in the discussion on the paper. Ackers and Harrison pointed out that if &, 
were 0.109H then 6 , with a l/7th power law, would be 0.87H ,implying that the 
boundary layer would be fully developed throughout. None appear to have voiced 
what appears to the present writer to be an over-riding objection, namely that 
the depth on the crest is not, in fact, §H, but has been shown by experiment (9)
or may, in fact, readily be seen to be nearer to ^H; the argument leading to
Equations (9) and (10) is thus seriously damaged.
Masashi Homma thought that 1 max was'more likely to occur near the 
entry where the flow changes from subcritical and supercritical and this is 
more consistent with the hypothesis which the writer will later develop.
The problem is probably rather simpler for the round-edged broad-crested 
weir. In that case, separation does not occur and the correspondingly simpler 
situation may be treated on the assumption that the boundary layer starts from 
zero at the upstream edge and develops as on a flat plate. This treatment was 
advocated by Ippen (28) and subsequently studies were made by Delleur (29) 
and by Harrison (30) yielding reasonable agreement with experiment.
Work would be needed, therefore, to establish whether boundary layer 
development was indeed the fundamental issue in determining the flow over a 
square-edged broad-crested weir or whether separation was the prime factor. 
Thus, in considering friction,it would be necessary to establish the nature 
and location of the control. Simple one-dimensional theory assumes that the 
entire length with its parallel flow is, in effect, the control, but for a 
more advanced study it would be necessary to determine whether the control 
were near the upstream or downstream end or whether, in fact, there might be 
more than one control.
4.5* Wave Formation
At low heads it may readily be observed that standing waves form on the 
crest and the effect is recorded in some detail by earlier workers such as 
Woodburn (12).
Within the present work the aim was to study the conditions leading to 
wave formation and their effect upon discharge and the overall flow pattern 
rather than to analyse the form of the waves themselves in detail. Clearly 
the effect of friction and the possible development of waves were two aspects 
of the flow profile over the weir which might well have to be considered in 
conjunction with each other.
5. ACTION OF THE SQUARE-EDGED BROAD-CRESTED WEIR: WORKING HYPOTHESIS
As a basis for the present investigation, it was necessary to develop a 
working hypothesis which would afford a possible explanation for the various 
aspects of the action of a broad-crested weir with square edges. The hypothesis 
would have to be founded on the established principles of fluid mechanics and 
show no inconsistencies either within itself or with the earlier observations 
of reliable workers in the field; nor would it be sufficient for it to account 
for one aspect of the matter, such as coefficient of discharge, while failing 
to cover, or indeed being at variance with, some other known features such as 
depths on the crest. Further, the implications of the hypothesis, such as flow 
pattern, would themselves have to be examined and tested by experiment.
Accordingly, the writer developed such a hypothesis as a basis for his
investigations and this is set out below. It takes into account work of previous
investigators who had done much to record, not only discharges but also details
of flow profiles, although a complete analytical basis was still lacking. It
was indeed in the light of the observations and the comments of these earlier
workers, already indicated, that the analytical treatment advanced below was
h.
developed and checked by experiment. (It is assumed throughout that —  and 
tl
■p are limited to ranges sufficiently low to have little effect on the flow.)
jl
5-1. Medium Range of -r* ; Stretch of Approximately Parallel Flow
J-/
This range (Range 2, Fig.5b.) will be considered first, as it approaches 
most closely the simple theoretical treatment of Sec.2.1. and is, in fact, the 
principal object of investigation in the present work.
The two principal departures from simple theory lie in the discharge, which 
has been generally found to be approximately 15% less than that predicted by 
one-dimensional theory (i.e. C = 0.85 approximately), and in the depth over
the crest, which is nearer than §H. Dissipation of energy, whether linked 
with separation at the edge or with boundary layer development along the crest, 
could possibly account for the low discharge but not, in itself, for the depth
on the crest, particularly as the latter would seem to imply supercritical 
velocities, even at the reduced discharge. The writer, therefore, adopted the 
following tentative theory, which appeared to accord with the observed facts 
as to both discharge and depth.
2gd
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Fig.8.
Let it be supposed that the roller at the edge forms, in effect, a short 
step 0.1H high (Fig.8.). (Rouse (31) in fact commented that the discharge 
passed over the roller as though it were a small spillway built upon the weir, 
but he attempted no numerical development.) The head, measured above the step( 
would be 0.9h and if, then, the water flowed at critical depth over the step, 
the flow per unit width would be given by Equation (2a).
q = /g (f x 0.9H)2
3_
= 0.85 Jg (§H)2 ----------- (11)
If, beyond this short step, the depth established itself at d, then,
q 2
neglecting energy losses, d + V/gj2 = ^ and, substituting for q from 
Equation (ll) and solving for d,
d = 0.44H   (12)
This simplified representation of the flow mechanism did, then, appear to 
the author to be capable of accounting in general terms for both the discharge 
and the crest depth. The exact numerical results obtained would, of course, 
depend upon the value taken for the height of the roller, and dissipation of 
energy too, might have some effect. Further, it could not be supposed that
the surface profile would show a distinct level stretch over the roller before 
dropping again to the final level over the main crest; the actual profile 
would have the character of a smooth ogee curve. Nevertheless, this concept 
of the roller forming a subsidiary broad- or round-crested weir did seem to 
offer a key to the whole problem of the flow pattern. ■ *
It appeared to the author that a closer approach could be made by using
potential flow theory to investigate the flow, which would, in fact, be
curved throughout the region: it would not be appropriate here to reproduce
at any length the basic exposition of theory which may be found in standard
texts such as that of Vallentine (j2). In brief, however, it may be said that
a flow situation may be analysed by determining the flow pattern, which may be
defined by streamlines, lines tangential at all points to the velocity vector
at a given instant. Numerical treatment is possible through the use of the
stream function, . This is a function varying in two dimensions with x and
 ^y/ ^ \f/
y and so defined that ——  and ——  are respectively proportional to the
d  ■ a  y
velocities in the y and x directions. No flow crosses a streamline and *P is 
constant for any given streamline; further the flow per unit width between two 
streamlines with stream function values and ^  is ^  - ^2 ’ so
close spacing implies high velocity.
In many situations a fluid may be treated as frictionless without intro­
ducing substantial errors and the author proposed that the main flow in the 
entry region for the weir should be so treated. In such a case,since only shear 
stresses can produce rotation, the flow is said to be irrotational; the mean of 
the angular velocities of two lines in the fluid, mutually perpendicular, is 
zero. This condition, taken in conjunction with considerations of continuity, 
may be shown (32) to lead to Laplace's equation for irrotational flow:-
tL * iHL n Hit»y? + dy2 = 0 ----------  (13)
If the boundaries of flow are fixed, there is a unique pattern of flow 
which will satisfy Laplace's equation at every point; the equation thus defines 
the pattern completely.
In some cases all the boundaries are not fixed. The surface of the liquid 
may be in contact not with a solid but with the atmosphere or some other fluid 
of much lower density. A surface of this type is known as a free streamline; 
it is necessary to consider what conditions determine its form. Thus, for flow 
over the square inlet edge of the weir, Bernoulli's equation would require to be 
satisfied at any point P on the surface (Fig. 9a) so that the velocity at that 
point would be y/2g(H - z^).
H
Conditions at the lower boundary of the region of irrotational flow would also 
need to be defined to enable the development of an analytical treatment to proceed 
As a first step, therefore, to permit such a development, it was proposed to make 
the simplifying assumption that the roller would be divided from the region of 
irrotational flow by a free streamline and that within the roller the piezometric 
head would have some constant value h' as though the water within it had negligibl 
velocity. In that case, applying Bernoulli's equation again, the velocity at any 
point Q (Fig. 9a) on the free streamline bounding the roller would have the 
constant value >/2g(H - h').
This approach is acknowledged to be an over-simplification but it seemed 
that it might accord well with the situation outside the roller, i.e. frictionless 
flow bounded in part by the solid form of the weir and in part by the outline of 
the roller. Clearly the reality must be more complex; there must be some
\  constant static head h* 
\  in roller
_L
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interchange of mass and momentum between the roller and the main flow. Rouse, 
in fact, investigated the somewhat similar flow pattern around a blunt shaft 
(33) and he warned that Mthe line of separation is not a free streamline but 
one along which the energy steadily decreases”; he stressed that the zone of 
the greatest production of turbulence would lie between the eddy and the main 
flow. Highly turbulent fluid would be re-entrained in this zone from the eddy 
while the downstream end of the eddy would fluctuate so as to throw off parts 
of itself into the main stream. The process would be accompanied by a dissipation 
of energy.
Squire (48) suggested that a region of re-circulation might usefully be 
conceived as having a core with a boundary layer around it, motion within the 
core being maintained by shear stresses caused by the outer flow acting on this 
layer, the core itself being defined as a region where viscous effects were 
virtually absent.
A more realistic model of the separation zone, therefore, would probably 
be as shown in Fig. 9b, which follows the simplified model for leading edge 
separation on wings proposed by Crabtree (49), amplifying Squire’s suggestion.
Fig. 9b
The zero streamline leaves the edge of the weir at 0 and is re-attached to 
the crest at D. The boundary layer, already of finite thickness at 0 diffuses,
hypothetical streamlines
circulatory zone
the main turbulent mixing occurring where the layer increases from thickness AB
H.
;
at the highest point of the eddy to CD at the point of re-attachment. From 
AB to CD, therefore, the static head will rise although it is likely to change 
little between 0 and B, for Crabtree, in his study of leading edge separation, 
found a constant pressure over the forward part of the separation zone and he 
suggested that it should be possible to retain some of the assumptions of 
boundary layer theory, including no variation of static pressure normal to 
the solid surface. He made the further suggestion that the problem can be 
divided into three partial problems corresponding to the three regions, the 
external irrotational flow, the turbulent mixing region and the circulating 
zone with closed streamlines. The solutions for each must be matched but an 
approximate solution for any one could be obtained if the effect upon it of the 
other two were adequately represented.
The simplified hypothesis already mentioned was, then, adopted as affording 
a simple basis for calculation whilst not being greatly at variance, in its 
effect upon the outer flow, with the concepts of previous writers. The greatest 
differences from Crabtree's model lay in the downstream part of the separation 
zone, where the static head was treated as constant rather than varying and the 
presence of the mixing zone between the irrotational flow and the circulatory 
zone was ignored. The rate of discharge, however, would largely be determined 
by conditions over the highest part of the roller where, as already described, 
the simple hypothesis differs little from the more highly developed model; 
variations in conditions further downstream would have only secondary effect.
Rouse (33) stressed that, for regions of separation, advances in knowledge 
must follow partly empirical lines, so that,as the mechanism of the motion became 
progressively clearer, so it could be treated with greater mathematical refinement. 
It was, then, with the intention that it might well afford the basis of a better 
fundamental understanding of the main flow pattern for the weir and with this a 
reasonable prediction of the head-discharge relationship and of the surface 
profile that the hypothesis was developed and explored. A detailed analysis of 
the internal mechanism of the roller might-still be lacking but the approximation
whereby it was treated as a static zone should account quite well for its effect 
on the flow outside it.
To recapitulate, the hypothesis postulated that the main flow, unable to 
follow the sharp right-angled corner of the weir without entailing an infinite 
pressure gradient at that point, would follow a curved path before rejoining 
the horizontal crest some distance downstream. Inside this curved line, deemed 
a free streamline, the static head would be supposed constant, while outside the 
line the flow would be supposed irrotational and therefore amenable to treatment 
by a relaxation process on the basis of Laplace's equation (Fig. 9a). Since the 
main flow was held to be frictionless, Bernoulli's equation would have to be 
satisfied along the surfaces, where the sum of the height and the velocity head 
would require to be constant, and along the outline of the roller, where the 
velocity head itself would require to be constant. The correct solution for a 
given value of H would be that which yielded the maximum discharge consistent 
with these conditions.
A solution based on the hypothesis could be obtained graphically, by 
sketching flow nets and checking the free streamlines against Bernoulli's equation, 
or, more accurately, by an electrical analogy or by a relaxation technique. The 
last-named treatment was the one chosen; its development, using the assumptions 
described, is set out in Sec. 6.
Whatever the method used to apply potential flow theory, it will be seen 
that the essential concept is similar to the simplified approach of Fig.8. in 
that the control is established over the roller; flow over the roller is the 
maximum possible for the given head. Potential flow theory, however, takes full 
account of curvature.
If the above theory were essentially correct it would imply supercritical 
velocities downstream of the roller, as has been noted by Doeringsfeld and 
Barker (9) and as, in fact, may readily be seen to be the case. The effect of 
friction along the crest would be to reduce the velocity and, correspondingly, 
increase the depth giving a rising profile; again, as in the experiments of 
Woodburn (12) and of Keutner (20), this may be seen to happen. Provided, however,
that the velocity is not reduced to the critical value, conditions along the 
weir can exert no control upstream; this would appear to correspond to the 
fact that C is known to remain fairly constant over this range of ■
To verify the hypothesis, experimental evidence of the complete flow 
pattern in the region near the upstream edge would be required, involving 
measurements of the directions of the velocity vector throughout the region.
It would be necessary, too, to demonstrate that, over this medium range of 
—  , conditions downstream exerted no controlling influence over-riding the 
effect of conditions near the edge. Even if this were proved, it would add 
to the understanding of the behaviour of the weir if the development of the 
downstream profile could be observed and linked with theory. For this 
purpose it would be desirable not merely to record the profiles occurring 
under different heads but to obtain velocity distributions at a series of 
cross-sections so that more could be known of boundary layer development and 
energy changes.
h
5.2. Higher Values of -  ; no Parallel Stretch
■L'
When the length is so short relative to the head as not to permit a parallel 
section in the surface profile (Fig. 5c.) the basic situation should still be 
the same in that the flow over the roller would be the maximum for the given 
head.
With the length only two or three times the head, however, it could not 
be assumed that the flow could become parallel downstream of the roller; there
would be no space for such a development. The author considered that it
should be possible, nevertheless, to develop a treatment based on potential
flow theory precisely as in Section 5-1-, at least for the range in which the
crest, although short, was still longer than the roller. This should yield a
h
better understanding of the situation prevailing as the ratio ~  rises towards
la
the upper limit of the range for which C is approximately constant.
For this range, therefore, flow profiles would again be required with 
velocity distributions and flow patterns.
Ii5.3. Lower Values of —  ; Standing Waves on Crest
la
If the weir becomes sufficiently long relative to the head (Fig.5a.), 
first one standing wave forms and then successively greater numbers of such 
waves. This, the writer thought, would correspond to the state where, due to 
friction, the velocity had been retarded to critical near the downstream end, 
for, if the basic normal depth is slightly greater than critical, stationary 
surface waves may form (see Marchi (34)). The flow near the end should 
correspond to the conditions at a free overfall as treated by Rouse (3l) and 
by Jaeger (35), "the depth being critical a short distance upstream from the 
fall, which is approached with a falling profile. Further upstream, where 
the depth would have risen somewhat above the critical, the waves already 
mentioned would be able to form. Provided that the subcritical flow did not 
extend too far, it might still be possible for the supercritical flow to extend 
some way from the roller at the upstream edge. The control for the upper part 
of the crest would then appear to be at the roller while the control for the 
lower part would be at the overfall; a low hydraulic jump might occur between 
the two parts or the waves themselves might constitute the transition. 
Ultimately, with a sufficiently long weir, it would seem possible for the 
subcritical flow to extend back over the whole length of weir, so drowning 
out supercritical flow near the top end. Conditions would then be considerably 
changed, with the control for the whole profile at the downstream end. This
could well be linked with the falling of thq discharge coefficient at low
values of —  .L
To test these concepts would, then, involve observation of details of 
the surface profiles at low heads with, if possible, velocity distributions 
at various cross-sections to establish the energy at each.
6. ANALYTICAL TREATMENT OF FLOW AT UPSTREAM EDGE BY POTENTIAL FLOW THEORY
6.1. Basic Technique and Assumptions
6.1.1. Relaxation Process
The fundamental proposal in the analytical treatment intended for the 
flow in the vicinity of the upstream edge is to treat the water as an ideal 
fluid. Then, the flow being irrotational, the pattern of flow must be such 
that Laplace's equation, Equation (13), is satisfied throughout (Sec.5-1«)«
The condition implies a unique solution.
For some two-dimensional problems in hydrodynamics, an analytical solution 
may be obtained directly using, in other than the very basic cases, the device 
of conformal transformation whereby the original variables are replaced by 
others to yield a form with a known solution. This is not possible with all 
boundary geometries; when, moreover, a free surface exists and, further, the 
influence of gravity must be considered, such a direct solution will not be 
possible at all, (Von Mises1 work on flow over a thin-plate weir, already 
quoted (25) made the bold simplifying assumption that the curvature of the 
nappe due to gravity had no effect on the discharge).
For problems too complex for direct analysis, numerical methods may be 
employed. The relaxation process, developed notably by Southwell (36) , is such 
a method, in which, for hydrodynamical applications, values of the stream- 
function are assumed at points spaced on a regular grid and errors in these 
initial values are then reduced to negligible amounts by systematic correction 
or 'relaxation'. For this purpose Equation (13) must be expressed in finite 
difference form.
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In Fig.10a. where the area of calculation has been covered by a square 
grid with lines spaced a regular distance, a, apart, has the value 
at a given point and the values V', ’ v^ 3. rt at the four adjacent points
on the grid as shown. Then, if the grid is fine enough for linear variation 
between points to be assumed, the partial derivatives may be calculated to a 
reasonable degree of accuracy as below.
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Equation (13) may thereafter be replaced by
K - 2^q + W  V-4 - 2 = Q
a2 a2
1^ + *2 + 3^ + %  ' 4>0 = °    (l4)
or y > = i ( ^ + V > + V ^ + ^ ) -    (15)
Thus, at every intersection point on the grid this equation is satisfied.
The basis of the relaxation technique is, therefore, to assign an initial value 
to y/ at every intersection point on the grid, and then systematically adjust 
the values to bring them into account with Equation (15). Thus the initial
value of Y' at point 0, which would not necessarily satisfy Equation (l5),
would be replaced by a new value £( ^  + ^3 + ^  ) anc* process
would be repeated for every point in the grid. This will have the effect that 
the relationship for points already corrected will be disturbed as ¥* at other 
points adjacent to them is subsequently modified. The whole cycle must therefore 
be repeated until the residual + ^  + . Vq is considered
sufficiently small at every point on the grid.
It will sometimes arise that a point will be so close to a boundary that
in one or more of the four directions the grid line intersects the boundary at
some distance less than a from the point, as in the case of 3 in Fig.10b., which 
lies at distance b3a from 0. In that case a modified expression must be used 
for the partial derivative so that
^  + ^  + b f  + w -  %  (3 + b j. )  = 0
P -
jfc/0 = v, + Y'7 + + Yj   (16)
' 3 + 1_
b 3
or more generally
■ J&L. + - + J£a_ +
bi b 2 b 3 b 4
— -----     —     (17)
b 1 + b 2 + b 3. + b4
where b , b2, b3, b4, will have values equal to or less than unity according
to whether the adjoining points lie at the full grid interval,a ,from the central
point.
6.1.2. Effect of Free Surfaces
The foregoing remarks may all be taken as implying known fixed boundaries 
to the area under consideration. This condition is not realised where a free 
surface, not defined by a solid boundary, is involved but, as has been explained, 
the added complication does not, in fact, preclude a solution. The free surface, 
although not initially determined, must be such as to satisfy a further condition 
which is sufficient to ensure a unique solution, namely that along the boundary, 
as along any streamline, Bernoulli's equation must be satisfied; the total 
energy must be constant. Since the pressure along the surface is constant, 
the sum of the velocity head and the potential head must be constant also.
(if the effect of gravity is not taken into consideration, this will have the 
effect that the velocity will be constant along the surface.) The pattern of 
flow, therefore, must not only be such as to satisfy Laplace's equation at 
every point within it but must also entail surface velocities which meet this 
further condition at every point.
Southwell and Vaisey (37) described the manner in which the relaxation 
technique may be used to yield solutions for these cases where a free surface 
exists and, moreover, the effect of gravity cannot be ignored but is, in fact, 
the essence of the problem. In particular, by way of illustration, they 
considered the case of a free jet falling under gravity as a fluid flows along 
a horizontal bed to a point where the bed ends abruptly and the fluid springs 
clear (Fig.11.).
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Let the uniform depth of the stream at a point A far to the left be dD 
and the specific energy be E0, while the stream function has the value zero 
along the lower boundary and Y^ along the upper boundary. At any point the 
velocity is proportional to the gradient of perpendicular to the streamline
a ^
at that point, -r—  , where n is distance in the direction perpendicular to 
d n
the streamline. Thus, if the flow per unit width is q (= k f p  where k is a
constant of proportionality), then at A, where flow is uniform, the velocity
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If, at B, the depth is d, then, for Bernoulli's equation to be satisfied,
the velocity head at that point, (k )/2g, must be E0 - d.
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Choosing for study the case where dQ = §E0 , corresponding to the maximum
discharge for EQ, Southwell and Vaisey derived by relaxation methods a solution 
in which, at every point on the boundaries, the velocity head as calculated from 
the values of agreed to within 1% with the value of velocity head required 
to satisfy Bernoulli’s equation.
of flow over a square-edged broad-crested weir lay in the fact that, due to 
the formation of the roller at the upstream edge, it could not be assumed that 
the stream function would have a constant value at every point on the weir crest. 
In the example just quoted, the flow would clearly follow the bottom of the 
channel at every point so that could be taken as zero all along this boundary. 
Near the square edge of the weir this assumption could not be expected to be valid 
McNown, Hsu and Yih (23) applied a relaxation technique to the flow around 
a hemispherical head on a cylindrical shaft with its axis parallel to the main 
flow. In the case considered, cavitation occurred,a substantial vapour cavity 
forming as shown in Fig.12.
The pressure within the cavity was constant and had, in fact, been 
determined by experiment; this, then, was taken as a boundary condition. By 
successive trials a line was found for the boundary such that, when the 
residuals for the values of 'f* had been reduced by relaxation to an acceptable 
level, the velocity at points alohg the outline of the cavity, calculated from
b P
-z—  , was consistent with the pressure m  the cavity. The result was found to
The difficulty in extending the use of such a technique to the problem
cavitation pocket
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Fig.12
accord well with the shape of the cavity as .determined by the experiment.
The author felt that this approach might well be developed still further 
and used to investigate flow over a square-edged broad-crested weir. The 
roller, he thought, could probably be treated in a manner similar to the 
cavity in the work cited above in that the assumed outline of the roller 
could be deemed a free streamline. The objection may be made that the 
conditions within the roller are in some doubt and present a much more 
complex situation than does the vapour cavity which can be safely considered 
an area of constant pressure. Nevertheless, it was proposed that, as a working 
hypothesis, the provisional assumption could be made that the piezometric head 
inside the roller would be treated as constant, as it would be if the water 
within the region were at rest.
This, then, was the hypothesis which, although representing an over­
simplification, was felt to be worthy of development and of comparison with 
the results of experiment. A detailed exposition of the analysis is given in 
the following pages and the experimental results and their interpolation and 
comparison with the analysis are given in Sections 8.4. and 9«1- respectively.
6.2. Detailed Computation
6.2.1. Outline of Method
The basic case for analysis may perhaps be considered to be that in which 
both approach depth and crest length are infinite. With infinite approach 
depth, the velocity head far upstream would tend to zero. With infinite crest 
length, the surface profile downstream would, with an ideal fluid, approach a 
straight horizontal line; in practice, with a real fluid, the profile downstream 
would be modified by the effects of friction.
To obtain a fuller treatment of the matter, cases were also taken where
P
approach depth or crest length was finite. A value of —  = 2 was chosen for 
investigation as being capable of practical confirmation with the apparatus 
available, whilst also being a value for which the deviation from the case of
infinite depth, although small, might not be wholly negligible. Similarly a
value of 7- = 2 was chosen as suitable for experimental verification whilst 
h
being at the lower end of the range of values yielding an approximately
constant value for the coefficient of discharge. Thus the combination of 
approach depths and crest lengths, finite or infinite, yielded four basic 
cases for consideration. The steps of the computation were very similar in 
every case.
The first step was to choose provisional lines for the surface profile, 
the outline of the roller and, for finite crest length, the nappe for the 
underside of the jet. The region taken for study was bounded at the upstream 
end by a vertical line at a distance 2h from the upstream edge of the weir and 
by a horizontal line 2h below the crest. (This coincided with the floor of the
p
approach channel when —  = 2.) With infinite crest length, the region was
bounded at the other end by a vertical line 2h from the upstream edge; the
profile at that point was flattening out. With ^  = 2, the area was bounded 
h
by a line —  beyond the downstream edge, so as to include the beginning of 
the free jet. Experimental observations were taken as a guide in choosing 
the provisional profiles. A square grid of side 0.2h was initially chosen 
for use with the relaxation technique and boundaries were therefore defined 
in terms of the ordinates of the points at which the boundaries intersected 
the vertical lines of the grid. With flow from left to right, the bottom left 
hand corner of the area was treated as the origin, all distances were reckoned, 
non-dimensionally, as fractions of h (Fig.13.).
3 _
2 _
* area of 
f in e r  grid
0 _
0
Fig.13.
ty' was taken as zero along the lower boundary of flow and 1000 along the 
upper boundary. An initial value of V/ was assigned to every point of the grid 
(see 6.2.2.).
The values of V' were then systematically corrected by a relaxation tech­
nique until all the residuals in a complete cycle of relaxation were less than 
a set figure, 1.0. (See Sec.6.2.3*)
At each point on the surfaces and the roller outline the velocity head
bY'
corresponding to
b n
was calculated as a fraction of h. (See 6.2.6.) On
the surfaces, the velocity head at any point would require to be equal to the 
upstream head less the surface level in order to satisfy Bernoulli's equation, 
while, on the roller outline, the velocity head would require to be constant.
If these conditions were not met with sufficient accuracy the boundaries would 
be revised and the whole operation repeated. To obtain agreement at every point 
within 0.02h was felt to be a realistic degree of accuracy to attain, in view of
the admitted simplifications of the hypothesis.
A reasonably accurate assessment of velocities in the region of sharply 
curved flow around the head of the roller required a finer grid (length.of 
side 0.04h) than was necessary for the remainder of the area. For a small 
area in this region, therefore, Y7 values were assigned over this finer grid 
and corrected by relaxation in order to achieve an improved figure for velocity 
heads. (See Sec. 6.2.5* and Fig.21.)
Considerable labour is involved in a single cycle of the relaxation process 
if three significant figures are carried throughout and many cycles may be 
required to reduce all the residuals to an acceptable figure. Furthermore, 
numerous revisions of the boundaries, with a repetition of the entire calculation 
after each, may be required in order to achieve satisfactory velocity heads at all 
points. The repetitive nature of the calculation, on the other hand, makes it 
well suited to solution by the digital computer. Accordingly, a program was 
developed to enable the calculation to be carried out on the ICL 1905F machine 
in the University Computing Unit; the plotter incorporated in the installation 
lent itself well to the graphical presentation of results such as the final 
grid of Y* values and the drawing of streamlines. A flow diagram is given 
(Fig.l4.) showing in outline the main stages of the program and a full descrip­
tion is given in the following pages.
All corrections 
< 1?
Yes
All corrections 
< 0-2 ?
Yes
■ Relaxation cycle
Set V' at edges
Print results
Set ¥  internally
Set for 
enlarged area
Relaxation cycle 
for enlarged area
Calculate polynomials 
for boundaries
Read data 
fixing boundaries
Calculate velocities 
at boundaries
Plot grid and 
streamlines
Calculate velocities 
at boundaries of 
enlarged area
Fig.14. Outline flow diagram for computer program
6.2.2. Initial Conditions
ine j
ine 0
£  = 1000
line 0 line i
Fig.15.
Fig.15- indicates the notation used for the calculation. The origin is
at 0 and all distances are reckoned as fractions of h. The square grid has
sides of length a(=0.2h), the horizontal lines of the grid each have a number j,
starting from zero at the bottom and working upwards and the vertical lines
each have a number i, starting from zero at the left and working to the right.
Thus the value of the stream function at the point on vertical line i and
horizontal line j is denoted by \f/ • : .1 J
The first stage of the calculation was to read into the computer as data 
a series of ordinates on the successive grid lines defining the boundaries 
initially assumed, for the upper surface and (y|)- for the outline of
the roller or the lower nappe of the jet, where applicable, (Fig.15). Other
essential data read in were the ratios ~  and 7- and, in the case of infiniter L
crest length, d2, the uniform depth to which, the flow will tend along the 
crest.
It appeared likely that numerous revisions of the surfaces would be 
necessary before a satisfactory result was finally achieved. In every case, 
it would be necessary to have, for the purposes of the calculation, not only 
the series of ordinates representing the intersections with the vertical lines 
but also a series of abscissae, xj , representing the intersections with the 
horizontal lines as well as^the slopes, (sy)j and (s |)- , of the upper and 
lower surfaces at the points of intersection with the vertical lines. It was 
decided therefore that a great economy of effort would be achieved by calcu­
lating a polynomial curve to afford a good fit for the ordinates defining each 
surface. This would have several advantages. Firstly, it would be unnecessary 
to read in as data all the abscissae and slopes involved; with the equation 
describing the surface established both could readily be calculated. Secondly, 
to use a polynomial of appropriate order would always ensure a smooth curve, 
as would certainly be the case in practice. This would facilitate the repeated 
revisions of the surfaces that were expected for, if it was felt necessary to 
raise a short length of the surface by a slight amount, the ordinates over the 
length could be increased and the polynomial, recalculated to fit the new 
figures , would give a smooth curve. The ordinates used for the subsequent 
calculation would be those given by the polynomial rather than those originally 
given as data.
Values of ^  were then assigned to each point on the grid. As already 
mentioned \jS was taken as zero along the lower boundary of flow and 1000 along 
the upper boundary so that at all intersections of the grid lines with these 
boundaries it had these values respectively.
For every internal point on the grid it would have been possible to select 
a value for £  and have it read into the computer as data. This would have 
involved preparing many figures for each revision of the surfaces yet, in fact, 
would have yielded no increase in accuracy in the ultimate result, which depended
upon the progressive reduction of errors rather than upon an initial set of 
good estimates. A better approach, therefore, was to assign initial values
systematically by calculation, giving a reasonable approximation to expected
l
values as outlined below:
a.
D
Fig.l6.
With —  = 0, the approaching flow approximated to radial flow into a sink at 
point A (Fig.l6a) at height h vertically above the upstream edge of the weir 0 
for, at some distance, the flow is simply towards A, the corner between the 
•horizontal line of the surface and the vertical line of the wall, with little
regard to the flow in the immediate neighbourhood of A. In this case, therefore,
if the area to be covered by the calculation was bounded by lines BD and DF ,
at any point C on BD was calculated as
1000 x
. -1 BC
AB
rr
2
and similarly at any point E on DF was calculated as
x -1 EF
n t5d
1000 x (1  ----  )
rr
2
If, on the other hand, a finite depth of approach was being considered, the
flow at some distance would be nearly parallel. In that case, therefore, Y' at
DE
point E (Fig.16b.) was calculated as 1000 x .
The flow upstream of the weir was complex and probable values were not 
easily assessed by simple rules. Poor initial estimates would, however, merely 
entail more cycles of relaxation to yield a satisfactory final result, which 
would present no real obstacle when a computer was being used. As a rather 
crude compromise, therefore, initial values of V7 at the remainder of the grid 
points in this upstream region, both for finite and infinite approach depth 
were calculated in the following manner:-
Fig.17.
At crest level and below, where the approach velocity would often be
nearer the vertical than the horizontal, Y' at any point I (Fig.17) was
calculated as though varying linearly along the horizontal line GH so that 
HI
Us = Us x r—  the value of Us being already assigned as previously 
'I Q HG ' G
described. Above crest level, where the approach velocity would generally
be nearer the horizontal, \JS any point M was calculated as though varying#
LM
linearly along the vertical line KL so that 1000 - —  (1000 - v v  ’
being already assigned. Some of these initial values were subsequently seen 
to have differed considerably from the corrected values that were eventually 
obtained but the first few cycles of the relaxation process brought them into 
the region of the correct value.
For the remainder of the area considered the initial values of were set
by assuming lin e a r va ria tio n  along the v e r t ic a l l in e  between upper and lower
PRboundaries so tha t at R, U/ = 1000 x -rrr .
• R  r y
In this manner, the computer program required no values to be read in 
as data; all were calculated within the program. This represented a very great 
saving in the time involved in data preparation.
6.2.3* Relaxation Process
When an initial value of ^  had been assigned to every point of the grid, 
corrections were applied systematically to all the points working through the 
grid, line by line from right to left and through each line from top to bottom. 
The corrections were made in accordance with the method described in Sec. 6.1. 
using Equation (15) for regular stars and Equation (17) for irregular stars.
line j
line i
a.
ine j
ine i
b.
Fig.18.
The program checked at every point to determine whether, in one or more
of the four directions, the distance to a boundary was less than the grid
interval, a. Thus, in Fig.l8a. all four arms of the star are of length a and
; will therefore be replaced by £( W . . + I// . + Uj, + US.
1 ! » J  x  i , j  +  i r i + i , j  ' . J - 1
In Fig.l8b., on the other hand, (y,j)j <  (j +'l)a and xj < ( i  + l)a. i,j
will, in this case be replaced, in accordance with Equation (17) by:- 
1000 10001
a a
1 1
+ 1 + 1+
l.
a
At a point lying on one of the grid lines bounding the area covered by 
the calculation, such as G in Fig.17., complete adjustment in this manner was 
not possible since there was no Kp value available for one of the arms of the 
star. Some adjustment was appropriate, however, as the initial value for G 
was not necessarily correct. A simplified correction was therefore made 
assuming that close to these arbitrary limits of the area, where the curvature 
of flow was small, \p would vary in approximately linear manner. Thus, if G
was replaced by the new value 2 V', i" W :  .1 * J £
If any of the corrections made in the cycle exceeded a certain value, the 
whole cycle was repeated until none of the corrections made was unacceptably 
high. A figure of 1.0 was taken as giving sufficient accuracy to enable the 
velocity heads at the boundary to be calculated to within O.Olh.
The computer printed out the final values of \p at the grid points. To 
permit examination of the stages of a calculation, it could also be required 
to print out the values of \p obtained and the corrections made after any given 
number of cycles.
(Further, as explained in Sec. 6.2.6., a grid of points, each labelled 
with its appropriate value of , could be drawn by the plotter incorporated 
in the computer installation.)
6.2.4. Calculation of Velocity Head at Boundaries
With the relaxation process complete, a set of values of had been obtained 
which satisfied the geometrical boundary conditions assumed. For the solution 
to be physically feasible it was necessary also that Bernoulli's equation should
is the point Vo.j + ^ 2,j Gi therefore, V'o.j
be satisfied at all points on the free streamlines. The velocity head implied
by the distribution of ^  was therefore computed at every point where a
vertical grid line intersected a free surface or the outline of the roller.
Since, at any point, the velocity is proportional to -r  , then, if at
0 n
one point the velocity head is known, the velocity head at all other points 
may readily be calculated.
(
a.
b.
Fig.19.
In the case of an infinite crest length (Fig.19a), if, at point A, far
downstream of the edge, the final depth is d2, then the velocity head at that
point must be H - d 0 (Bernoulli) while (since the flow is
2 d n d 2
uniform).
At B#some lesser distance downstream, therefore, the velocity head is 
given by:
With a finite crest, (Fig. 19b)‘, there is no point of parallel flow, but 
at C, the downstream edge, the velocity head, (^v)c, must be equal to H. At D, 
therefore,
(hy)p
(i^)2
ldn P
(4£>2
0 n c
H (20)
Thus, on this basis, the velocity head at any point may be calculated from
the value of I I
d n
at that point.
ba
Fig.20.
^ V'
At point A in Fig.20, a simple estimate of ——  would be given by
o  y
does not necessarily vary linearly with y and McNown (23)
ba
suggests therefore that a better and adequate approximation may be obtained
by using the finite difference formula:-
i + b %  - %  b % .  ^
b (21)a 1 + b a .
This formula being adopted, (-r— ) 4 may then be calculated as d y A
d n  A -------— scos ©
where 0  is the angle between the surface and the x axis. Accordingly the 
velocity head at every point where a vertical grid line intersected one of the 
free streamlines was calculated in this manner and the result printed out by the
computer. As already described, for the solution to be the physically correct 
one, the discharge would be the maximum consistent with the velocity head being 
constant along the outline of the roller, and equal to the difference between 
the upstream head and the surface elevation at any point on a water-air surface.
If this was not so, to an accuracy of 0.02H, then the boundaries were modified 
and the calculation was repeated.
It was not easy to formulate precise rules for improving an unsatisfactory 
boundary, since, with the two dimensional flow pattern, a change in any part 
of the boundary would modify the whole pattern over a considerable area. In 
general it might be said that, where the velocity at the surface was relatively 
low, then raising the surface locally would be likely to increase the total head 
at that point, whereas with relatively high surface velocity, raising the surface 
would be likely to decrease the total head. (It is not appropriate to speak of 
'subcritical' and 'supercritical' velocities, since flow was not one-dimensional.) 
Changing the curvature of the surface affected the velocity distribution, the 
velocity gradient increasing as the curvature was increased. The combined 
effect of changes in height and curvature, both entailed in any modification, 
was not always easy to foresee. • A further complication was that the constant 
piezometric head in the roller was not initially known. The solution, therefore, 
was obtained by a series of tentative developments each influenced by the 
observed effect of earlier modifications. The difficulty of setting rules for 
each succeeding revision of the boundaries prevented the revisions being carried 
out as part of the computer program, attractive though this would have been. The 
program, therefore, arranged only for the calculation of velocities along the free 
streamlines for a single chosen boundary formation. The printed results of a 
trial were then examined, modifications were decided upon and new data defining 
the modified boundaries were fed afresh into the computer for a further trial.
The finally accepted solutions are shown plotted in Figs. 22 - 29 (see also 
Sec. 6.2.6. for a fuller account).
Before any solution was finally considered satisfactory a closer analysis
was made of the area of sharply curved flow-near the head of the roller using 
a finer grid. This refinement is described in the next section.
6.2.5. Enlargement of Area near Upstream Edge
The spacing of the grid chosen for the relaxation technique depends upon 
the distribution of the variable being examined. The more nearly linear the 
variation, the greater the intervals of the grid may be without sacrificing 
accuracy to too great an extent. In the present case, the sharpest curvature 
and, hence, the greatest departure from linearity occurred around the head of 
the roller near the upstream edge. The essence of the working hypothesis was 
that the water was forced to take a path of finite curvature, whose line could 
be determined from the assumption that velocity head would be constant along it; 
within the line would lie the zone of separation or roller. It was important,
b ytherefore, to enable — to be calculated with sufficient accuracy and this
d n
implied the use of a finer grid in this region, where curvature was particularly 
great, than in the whole area of calculation generally.
Accordingly, a further stage was added to the computation; a finer grad was 
employed over the area 0 A B D F G, bounded by lines of the original grid e"ach 
at distance a, the original grid spacing, from the upstream edge 0. (Fig. 21.)
The interval for the new grid was —  , i.e. 0.04h. The height of the
5
roller outline at G had already been given in the data for the main calculation. 
The ordinates giving the heights of the intersection of the outline with the 
four new grid lines were read in as further data and, as before, a polynomial 
was fitted to them to give a smooth curve and to facilitate the calculation of 
slopes and abscissae. Values of ^  at B, C, D, E and F had already been 
calculated, while along GO and OA the value was zero.
Values of ¥  for new grid points on AB, BD, DF and FG, and OE were 
calculated on the assumption that ^  varied linearly between the points of the 
original grid. Then, as for the main calculation, simple arithmetical rules 
were used to set values of ^  at all the internal points of the new grid. All 
were calculated as though ^  varied linearly along any horizontal line between 
two points on adjacent vertical lines of the original grid. Relaxation was then 
carried out working systematically through the area, line by line from right to 
left and point by point on each line from top to bottom. The cycle was repeated 
until, for this finer grid, no single correction made in the course of a cycle 
was greater than 0.2. The velocity head was then calculated for each point at 
which a vertical grid line intersected the outline of the roller.
In revising the boundaries after the complete relaxation process, account 
was taken of the results for this smaller, enlarged area as well as for the main 
area as a whole.
6.2.6. Plotting Results by Computer
The computer installation incorporated an I.C.T. 1934 Graph Plotter and 
this was employed for the presentation of the results of the analysis. In 
response to instructions incorporated in the program its pen can be made to 
move in increments of 0.005 in. (0.12 mm) over a roll of paper. Not only may 
the pen move in straight lines between specified points, but, with the aid of 
sub-routines, curves may be drawn and numbers and letters may be inscribed. 
(Curves are drawn as a series of cubics through successive pairs of points.
This fact, together with the finite steps in, the movement of the pen, yield an 
effect slightly irregular to the eye. Curves drawn by the plotter have therefore 
been traced as a smooth line in the drawings rather than reproduced directly.)
The printer in the installation had been used to type out the results of 
the analysis but with the plotter it was possible to set out the results as in 
the form of a drawing accurately to scale. Instructions were therefore incor­
porated in the program for the complete grid of points to be drawn out with the 
final value of ^  printed beside each point. The results for the four cases 
analysed may be seen in Figs.22, 24, 26 and 28; the shape of the weir, the 
free surfaces and the outline of the roller have been added by hand. Similarly 
a labelled grid of the enlarged area for each case is given in Figs. 23, 25,
27 and 29. In addition, above each vertical grid line there has been printed 
the level of the.upper surface at that point measured above crest level and 
expressed as a fraction of h. Immediately below each of these figures is printed 
the level that would be necessary to satisfy Bernoulli's equation, if the 
velocity heads were calculated from the values. For the cases with finite 
crest length, similar pairs of figures have been printed for the underside of 
the nappe. It will be seen that in general the discrepancy between any pair of 
figures is not greater than 0.02h.
Similarly, below each vertical grid line intersecting the outline of the 
roller, the piezometric head, derived by subtracting the velocity head from the 
total head, has been printed. Again the values may be seen to be constant 
within 0.02h.
It is valuable to be able to see the results of the computation in the 
form of accurately plotted streamlines. The streamlines are, in effect, contours 
of ^  values and their plotting was arranged accordingly in increments of 100 
from 100 to 900. For each vertical grid line, each successive interval between 
grid points was examined to see whether one or more of the values of ^  to be 
plotted lay within it. If this was the case, the level corresponding to such 
a value was calculated on the assumption that Y' varied linearly within the
interval. Thus each streamline was defined .by a series of pairs of co-ordinates 
representing the points where it crossed the vertical grid lines. It only 
remained for a smooth curve to be drawn through the points and this was readily 
done using the subroutine available to the computer. Similarly, smooth curves 
were drawn defining the free surfaces and the roller outline.
Figs.30 - 33 are based upon the plotting carried out by the machine. For 
comparison, directions of velocity vectors as measured by experiment have been 
shown in the two cases where the approach depth is finite, i.e. = 0.3 
(Figs.32 and 33); the practical measurement of the directions is described in 
Sec. 7.4.4, detailed results are presented in Sec. 8, and their significance 
in relation to the analytical approach is discussed in Sec. 9-
6.2.7. Coefficient of Discharge
The coefficient of discharge may readily be derived from the analysis. If
ll ll
in the case of infinite crest length (—  = 0) and infinite approach depth (—  = 0 )
L/ x
the value to which the depth tends downstream is d 2, then the velocity head
Vo2
downstream, 2g~ ~ h - d2 . The discharge per unit width is therefore
d2v2 = d2 J2g(h - d^ . The discharge predicted by simple one-dimensional
theory is fh J 2g , and C therefore is — —  . The value of d_ yielded
» , f j
0.55 Vo.43
by the analysis is 0.45 h and C, correspondingly, is —  ’ •••- = 0.873-
x 0*J33
If the degree of precision of the analysis is borne in mind, in that surface 
levels and energy requirements were only matched to within 1 - 2% of h, it would 
not be appropriate to draw too fine a distinction between the values of C for 
~  equal to 0 and 0.5 and for equal to 0 and 0.5- The four profiles arer  Lj
closely similar to a point beyond the highest part of the roller and it would be 
well, therefore, simply to describe the coefficient in all four cases as O .87
4*
- 0.02. This figure is compared m  Sec. 9-3« with the results of measurements 
and with the findings of previous investigations.
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7. EXPERIMENTAL WORK
7«1. Basic Requirements
To examine the validity of the ideas developed in the preceding sections 
a fundamental need was for a suitable weir body set in an experimental flume 
so that a range of flows might be passed over it and their effect studied.
Head-discharge relationships would need to be established; an accurate 
means of flow measurement would therefore be required. Surface profiles would 
be needed; for this, as for the measurement of head, it would be necessary to 
have a device for measuring surface levels. Near the upstream edge as full as 
possible a knowledge of the flow pattern would be desirable; a device for 
measuring velocity directions would be needed. Further downstream, velocity 
distributions would be required to check energy changes and boundary layer 
development; this would entail measurements of velocity magnitudes rather than 
directions.
7.2. Preliminary Development of Apparatus
It was realised that, in order to minimise the effect of the sides of the 
flume and to approximate as closely as possible to two-dimensional conditions, 
the widest possible flume would be desirable. In the early stages of the work, 
however, the only flume available was one 5 in. (76 mm) wide and it was decided 
to use this primarily to develop experimental techniques until a wider flume 
became available later.
The 5 in. (76 mm) flume was glass-sided, tilting, approximately 10 ft. (3 m) 
long, and it was supplied from the main sump in the laboratory. It incorporated 
an adjustable constant head device at its upper end, while the discharge from 
the downstream end was passed to a tank with a half 90° V-notch (i.e. width 
across top of notch = vertical depth) before being returned to the sump. This 
tank,.40 in. (l.05 m) long, 11 in. (280 mm) wide and 18 in. (460 mm) deep, did 
not afford an ideal approach to the V-notch and failed in a number of respects 
to comply with the requirements of British Standard 3680 (38)• Accordingly, a
new chamfered edge was fitted to the notch, -a transparent well was provided 
for the pointer gauge used to measure head over the notch and turbulence in 
the tank was reduced by fitting gauze baffles. The modified unit was then 
temporarily removed from its setting and calibrated directly using a weighing 
tank.
For the preliminary studies, a simple 30 in. (762 mm.) long weir was first 
constructed having a flat top made of a l/8 in. (3-2 mm.) thick plate of perspex 
supported at each end by rectangular wooden blocks. It was intended to use a 
total-head pitot tube to measure velocities, and provision was therefore made 
for static pressures to be measured at points along the crest. A box, also made 
of perspex sheet, 1 in. by 1 in. ( 25 mm. by 25 mm.) in cross-section, extending 
almost the full length of the weir, was cemented to the underside of the top 
plate. It was sealed along all edges but was fitted with a short tubular outlet 
to enable it to be connected to a manometer or standpipe. A series of l/l6 in. 
(1.6 mm.) holes were drilled through the top plate along its centreline (Fig.34). 
By sealing all but one of the holes with soft wax it was possible to arrange for 
the static pressure over the selected hole to be read by a manometer.
This first weir was soon superseded by another constructed as a singular 
rectangular box of perspex plates 6 in. (152 mm.) high and 30 in. (762 mm.) long. 
This was very rigid and permitted pressure tappings to be drilled anywhere on the 
surface of the weir.
pressure tapping
H
connection to standpipe
Fig.34. Cross-section through original weir plate
It was necessary to be able to fit and remove the weir readily, since the 
flume was also in use for undergraduate teaching. It was difficult, whilst
meeting this requirement, to anchor the weir securely and to seal it against
leakage, the more so as the sides of the flume were not entirely parallel.
The solution adopted was to set the weir block within a short length of channel
made also of perspex, close fitting and truly parallel, internal width 4.8 in.
(122 mm.). The whole unit could be slid into the flume in the manner of a
sleeve and securely held by clamps above the water-line, leakage between the 
sleeve and the wall of the flume being prevented by strips of foam plastic.
The crest of the weir was parallel with the floor of the flume, and, in setting
up, care was taken, using a long spirit level and making any necessary adjustment
with the tilting mechanism of the flume, to ensure that the crest was horizontal.
One of the prime objects of the preliminary experimental work was to develop 
techniques for establishing velocity distributions. The particular difficulties 
involved were the low velocities encountered, mainly of the order of 30 - 60 cm/s 
and the need for a measuring device able to detect variations in velocity over 
small distances, e.g. near the boundaries, and, further, able to do so without 
substantially affecting the flow pattern by its presence.
A total head tube was, therefore, made from a length of stainless steel 
hypodermic tubing, 1.47 mm. o/d, 0.93 - 1*0 mm. i/d, with its end ground square, 
set on a l/8 in. (3-2 mm.) diameter stem of brass tubing.
The small diameter of the tube was not expected to affect the accuracy of 
measurement. Barker (39) had carried out experiments on tubes of similar size
and found that the difference in head between static and total head tappings
v^ vr
might accurately be taken as — - . down to values of —  of 30, r being the
2g ^
radius of the opening in the total head tube. (For lower values, the total head 
reading appeared to be increased by an amount comparable with that at the nose 
of a sphere radius r in a stream of velocity v.) For the pipe of internal radius 
\ mm. proposed for use this implied satisfactory operation, without correction, 
down to velocities of 6 cm/s.
The flume was provided with an instrument carrier sliding on longitudinal 
rails above the flume, a scale running the length of the flume enabling the 
position of the carrier to be read. The vertical stem of the total head tube 
was clamped to a component of the carrier which could slide vertically up and 
down under the action of a micrometer which could be read to 0.001 in. (0.03 mm.) 
although the true accuracy of reading was probably not so great.
A means was required of measuring with reasonable accuracy the difference 
in head between the static and total head tappings, which would usually be less 
than 40 mm. of water. A simple U-tube manometer with a wooden scale was first 
tried, connected to the tappings by polythene tubing. The connections were 
filled with water whilst the lower part of the U-tube contained coloured carbon- 
tetrachloride. This arrangement gave a difference in level in the two arms of 
rhe manometer equal to approximately twice the corresponding head of water.
Even so, the accuracy available by direct reading was not great.
Trials were made using a micro-manometer, designed primarily as an air-water 
instrument; reading involved adjusting a vertical point until it made contact 
with the air-water interface. It proved not easy to adapt it for use with water 
and carbon-tetrachloride as the two working fluids. It was very difficult to 
eliminate all air bubbles and the carbon-tetrachloride attacked the plastic 
tubing of the instrument. This method of measuring the pressure difference was 
not, therefore, pursued.
It was found that greatly increased accuracy could be obtained with the 
simple water-carbon-tetrachloride manometer by observing the levels in the limbs 
with a travelling microscope. The level stabilized within a minute or two of 
setting the total head tube to read a new velocity and remained steady afterwards 
even when observed with the magnification provided by the travelling microscope, 
so that its position could be read to 0.1 mm. It was appreciated that the 
magnification of the readings given by using a water-carbon-tetrachloride 
manometer was small compared with that to be obtained by using the travelling 
microscope and thereafter the two-liquid manometer was abandoned and two simple 
standpipes of glass tubing connected to the static and total head tappings were
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used, both open to atmosphere at the top. The microscope was sighted on the 
bottom of the meniscus in each limb in turn and the difference thus obtained.
With this equipment, trial measurements of velocity distributions were made. 
Thus, flow was adjusted so that the head on the weir, measured 12 in. (305 mm.) 
upstream, was 3-00 in. (76 mm.). With this setting there was a stretch of very 
nearly parallel flow between points respectively 6 in. (152 mm.) and 27 in.
(686 mm.) from the upstream edge of the 30 in. (762 mm.) long weir. At 24 in.
(610 mm.), well within this parallel section, free from complication due to 
curvature, readings were taken to establish a series of velocity distributions
along vertical lines at distances from the centreline of 0 , 1.2 in. (30 mm.)
\
1.9 in. (48 mm.) and 2.3 in. (59 mm.) respectively. The results are plotted 
in Fig.35- The reduction of velocities near the boundaries is shown quite 
clearly. Integration over the cross sectional area of the waterway yielded a 
figure for discharge of O.I38 ft^/s. This compared with a figure given by the 
V-notch of 0.136 ft^/s. It seemed therefore that the small diameter total head 
tube should be capable of yielding at least a reasonable picture of the flow 
pattern with an overall accuracy, as to discharge, of some 1 - 2% and could 
serve as a basis for further development of the equipment.
A disadvantage of the small tube already mentioned was its relatively slow 
response. After the tube had been set in a new position the level in the stand­
pipe moved to its corresponding position only slowly, and it was necessary to 
allow a period which could extend to a few mintues to elapse before all movement 
in the standpipe was completed.
A great number of observations of velocity would be required to establish 
the velocity distribution at many sections under different conditions during the 
course of the investigation. A multiple total head tube was therefore developed 
to speed up the operation. The first one made had fifteen 0.058 in. (1.47 mm.) 
o/d stainless steel tubes set in a vertical line, at a spacing of l/8 in. (3*2 mm. 
centre to centre. Each tube had a 90° bend and the vertical portions of all the 
tubes were enclosed in a streamlined plastic stem, a short length of each tube
projecting from the top of the stem, (Fig.36)^
f?ti connections to standpipes
total head
tubes POT
n k.'-je-MUi-ng
— cz>
Fig. 36. Multiple total head tube (first design)
The multiple total head tube was operated in conjunction with a range of 
standpipes mounted vertically on a single backboard so that all could be read
in succession with the travelling microscope (Plate 2). To each tube was
connected a length of 1.5 mm i/d flexible neoprene tubing, which in turn was 
connected to a 6.5 mm i/d polythene tube and so to the corresponding standpipe.
The arrangement was found convenient in use. A single period for stabili­
sation was allowed to elapse after the multiple tube had been set in a new 
position and then the whole series of standpipes could be read without further 
delay.
A further advantage of the multiple tube was that the spacings of the ends 
of the tubes could be established (this was readily and accurately done with the 
travelling microscope) and, thereafter, when the device was set vertically in 
position with its base resting on the crest of the weir, the position of each
tube was known without further measurement.
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Using the multiple tube, results were obtained very similar to those 
found with the single total head tube- Again, it seemed under most conditions 
to interfere very little with the flow pattern. Small diagonal waves were 
created on the surface but the surface profile was the same, within the limits 
of measurement, whether the-multiple tube was in place or not. An exception 
occurred when, with an h/L ratio giving a rising profile, the depth approached 
the critical value. Under these circumstances, a low standing wave could be set 
up, changing the flow to subcritical and substantially modifying the flow profile. 
It was hoped that this problem would not arise in a wider flume, where the flow 
might not be drowned in this overall manner so readily (and this, in fact, was 
to prove the case).
Later a further modified type of multiple total head tube was developed 
and used for subsequent work. In this case the horizontal portions of the tubes 
were completely enclosed in a plastic blade, 3-8 mm. thick, the openings of the 
tubes being flush with the vertical front edge of the blade. This was produced 
by cementing the tubes in place between thin sheets of perspex and later machining 
the whole to a streamlined shape. Such a multiple tube is shown in Plate 5a- 
Having no projecting horizontal lengths of fine tube it was more robust than the 
earlier tube; the spacings of the tubes were completely fixed. It had eighteen 
^ 0.058 in. (1.47 mm.) o/d stainless steel tubes, the lowest three almost touching 
each other, since in that region velocity would probably vary rapidly with height, 
the remainder being at approximately l/8 in. (3-2 mm.) intervals. The exact 
positions, measured from the bottom edge of the instrument, were established 
using a travelling microscope.
7-3- Main Apparatus
After the preliminary development work in the 5 in. (76 mm.) flume, the 
main body of the investigation was carried out in a flume 2 ft. (6l0 mm.) wide, 
where conditions could be expected to approximate quite closely to the two- 
dimensional.
The flume was constructed entirely of metal built as a self-contained unit 
(the lack of glass sides was a considerable disadvantage). The working channel 
itself was 12 in. (305 mm.) deep with an effective working length of approximately 
7 ft. (2.1 m.). At the downstream end of this working length the water passed 
over a hinged tail-gate, which permitted control of tailwater levels, and so 
into a tank. From here the water was recirculated by an electrical pump with 
suitable 4 in. (100 mm.) pipework and control valves, passing upwards through 
a header tank to the upper end of the flume. The main valve, in conjunction 
with a smaller, 1 in. (25 mm.) valve on a by-pass, permitted very fine regulation 
of the discharge. A helix flow meter was inserted in the return pipe to measure 
the discharge. Instrument carriers ran on rails set along the sides of the flume, 
with a scale to register position; the rails could be levelled accurately by a 
series of screws on which they were mounted. The instrument carriers, riding on 
the main longitudinal rails, each incorporated lateral rails with a scale and on 
these rode an auxiliary carrier with a vertical sliding movement and scale.
The pump incorporated in the equipment was capable of a maximum flow of 
approximately 0.8 ft3/s (0.02 m^/s) corresponding to a head of some 90 mm. over 
a broadcrested weir spanning the full width of the flume. The short overall 
length of the flume was initially a disadvantage as, with an approach length of 
only a little over 1 m., insufficient stilling was provided to ensure a uniform 
velocity distribution upstream of the weir. Various combinations of baffles 
were tried in order to overcome this problem. The solution ultimately found 
to give satisfactory approach conditions involved two solid horizontal baffles 
in the stilling tank followed by two brass gauze baffles of l/8 in. (3 mm.) mesh, 
covering the complete cross-section; at the head at the flume were two further 
gauze baffles and a set of vanes, 350 mm. long at 100 mm. centres, parallel to 
the flow. The arrangement is shown in Fig.37? and an overall view may be seen 
in Plate 3-
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The manufacturers stated that the flow meter was accurate to within - 2% 
over the expected range of use. It was obviously desirable, however, to obtain 
a more positive calibration. With this object, therefore, two weir plates were 
made in % in. (6.3 mm.) perspex sheet; one was a rectangular full-width weir 
without end contractions 200 mm. high; the other was a 60° V-notch with the 
apex of the V 200 mm. above the floor of the channel. Either of these weir 
plates could be set vertically in position across the flume near the downstream 
end. The edges of the plate were sealed in place with plasticine.
The conditions of installation stipulated under British Standard 3680 (38) 
were realised; briefly:-
(a) For both weirs - suitable flow conditions provided by. baffles formed 
by vertical laths, no baffle being nearer to the point of measurement 
than 10 times the maximum head; edges of the crest or notch plane 
surfaces perpendicular to the upstream face with the downstream edge 
chamfered at an angle not less than 60°; the weir so designed that it 
did not become drowned by the tailwater downstream.
(b) For the full width rectangular weir - the crest of the weir horizontal;
0.1 ft. (30 mm.) «c h -=2.5 ft. (764 mm.); weir width B at least 1.0 ft.
(305 mm.); weir height P Hr O'.3 ft. (92 mm.); -j^ Cf>1.0.
(c) For the partially contracted V-notch weir - 2 in. (31 mm.) -< h <  24 in.
(6l0 mm.); vertex height P >  0.5 ft. (152 mm.); width of approach
Vi Vi
channel B, 2 ft. (6l0mm.); —  0.40; —  ^  1.2.
By using the rectangular weir for the higher flows within the working 
range and the V-notch for the lower, it was possible to carry out all readings 
within the conditions laid down in the standard and to use its formulae.
Thus, for the rectangular weir, used with heads between 25 mm. and 50 mm., 
discharge was calculated by the formulat­
e s  f /£g Cd b he^
Vi
where Cj = 0.602 + O.O83 —  
and he = h + 0.004 ft.
For the partially contracted V-notch (the flume not being sufficiently 
wide or deep for the "fully contracted" condition), used with heads between 
65 mm and 100 mm, discharge was calculated by the formula:-
Q = ~  '/2g C e tan |  h 02
where Ce is coefficient of discharge
0 is included angle of notch
h e = h + k h
(Ce and k^ given in B.S. 3680)
Observations were, therefore, taken at a range of flows with one or other 
weir in place, the head over the weir being measured with a point gauge at a 
distance upstream equal to between three and four times the maximum head used. 
For each flow, the time was taken with a stop watch for the passage of a given 
quantity to be registered by the meter, the mean of several readings being 
taken.
In this way a calibration for the meter was produced (Fig. 38). It will 
be seen that although the meter indicates the same flow as the weir at 1.0 gal/s 
(0.0046 m^/s) and 4.0 gal/s (0.0182 m^/s) it is shown to be indicating slightly 
too high a figure for intermediate flows. The calibration curve adopted is, in 
fact, a parabola fitted by the least squares method. Below 0.5 gal/s (0.0023 
m^/s) the discrepancy between the figures from the weir and the meter increased 
sharply, possibly due to friction in the meter at low speeds, and it was felt 
that the meter could not be used reliably for these low flows. This was not 
too severe a limitation upon the use of the apparatus, as this flow corresponded 
to a head of less than 25 mm over a full width broad-crested weir.
gal/s
4
3
2
1
0
0 3 52 4
Q  meter
* g a l /s
Fig.38. Calibration curve for meter
For use in the 2 ft. (610 m) wide flume, the pattern of broad-crested 
weir produced was somewhat different from those used in the narrower flume in 
the development stages. With the wider span, rigidity was harder to achieve. 
The notion of a box, into which tappings could be made from the surface, was 
retained, but in this case the box merely formed the flat crest of the weir, 
being made of £in. (6 mm) perspex sheets separated by a 2 in. (13 mm) gap 
with small spacers to give rigidity. The vertical ends of the weir, 6 in.
(152 mm) high, were also made of £ in. (6 mm) perspex, cemented in place, 
and the whole was stiffened by longitudinal webs of similar material. At both 
ends of the weir, small blocks were set against each bottom corner, the block 
being drilled and tapped to take a 2 BA screw which could serve as a levelling 
leg. So that a reasonable range of values of h/L could be studied, three such 
weirs were made with lengths of 6 in., 15 in. and 30 in. (152 mm, 381 mm,
and 762 mm.) respectively. The 6 in. (152 mm.) model may be seen in Plate 4;
the pressure tappings in the top, the spacers between the plates, the stiffening
webs, the levelling screws and the connection for the standpipe are clearly 
visible.
In use, the weir was inserted in the flume, in which it was an easy
sliding fit. Metal spacer pieces were inserted to block the downstream end
of the weir against a transverse upstand at the end of the working length of 
the flume. The weir was then set level using the four foot screws; for this 
a spirit level was used and the final setting was checked by ensuring that a 
pointer gauge, set in the instrument carrier, gave the same reading at all 
four corners of the weir. The weir was then made firm against movement by 
inserting small blade-like metal wedges between the end-walls of the weir and 
the sides of the flume. The narrow gaps at the sides and bottom of each end- 
wall were sealed with plasticine.
To determine the complete flow pattern near the upstream end of the weir ' 
would involve measuring the velocity direction at a number of points. For this 
purpose the author designed a pitot cylinder, similar to but smaller than the 
one described by Rouse (33), as used in his investigations of the pattern of 
flow at an abrupt inlet or around a blunt-ended shaft. The pitot cylinder was 
formed from a 0.058 in. (1.47 mm.) o/d stainless steel tube plugged at its 
mid point with a rubber insert. Two holes were drilled in the tube, 0.5 in.
(13 mm.) on either side of the mid point, the radii through the centres of.the 
holes making an angle of approximately 30° with each other. The tube was 
supported in a horizontal position in a perspex frame consisting of a cross­
piece and two side-pieces (Plate 5b.). A simple bearing in each side-piece 
incorporated a small rubber pad in contact with the tube affording sufficient 
friction to hold the tube stationary unless positively rotated. A pointer 
fixed to one end of the tube could be read against a protractor mounted concen­
trically with the tube on one of the supports. The frame was set on a vertical 
brass rod which could be fitted in the instrument carrier. Each end of the tube
Plate 4. Experimental square-edged weir.
could be connected through flexible tubes to-standpipes which were read, as 
already described, with a travelling microscope. If the tube was set horizontally 
across the flow and rotated, the levels in the standpipes rose or fell as the 
angles between the radii through the tappings and the direction of flow were 
varied. With the aid of the microscope, it was possible to determine within
■j-
- 1° the setting of the tube for which the two standpipes readings were level. 
Suitably calibrated, therefore, as described later, to provide a zero reading 
for horizontal flow, the tube could be expected to provide a measure of velocity 
direction of this order of accuracy.
7.4. Programme of Measurements
The measurements undertaken are described below. They fall into four 
classes:- head-discharge relationships, surface profiles, velocity and pressure 
distributions at intervals along the crest and flow patterns near the upstream 
end of the crest.
7.4.1. Hee.d-Discharge Relationships
It has been said in Sec. 3 that very considerable work has been done by 
earlier investigators to establish empirical relationships for head and discharge, 
often expressed in the form of a dimensionless relationship between coefficient 
of discharge, C, and head-length ratio h/L.
It was, nevertheless, clearly necessary to establish by direct measurement 
the head-discharge characteristics of the weirs actually used in the present 
studies over the working range involved.
For each of the three weirs used, therefore, the discharge was measured 
for a series of heads. The upper limit of the range was the maximum head 
available with the equipment, 3*3 in. (84 mm). The lower limit was set, 
somewhat arbitrarily, in the neighbourhood of 1 in. (25 mm) in an attempt to 
avoid appreciable surface tension effects.
To take a reading the flow was adjusted as desired by the valves and
(a) M ultiple total head tubes
(b) Pitot cylinder
Plate 5.
adequate time was allowed for conditions to stabilize. The head was measured 
by reading the surface level with the pointer gauge at a distance upstream from 
the weir equal to two to three times the head. Slight local fluctuations of the 
surface created little difficulty in reading the level to the nearest 0.01 in.
(0.3 mm). It was necessary to establish a zero reading for the pointer gauge 
at which its top was in contact with the surface of the weir crest. This was 
done by lowering the point very gradually to find the setting at which, as the 
carrier was slid over the weir, the point could be detected just to impinge 
upon the crest.
The head being established, several readings were taken of the time 
required for a certain quantity of water to pass. A stop-watch was used to 
time the passage, as shown by the meter, of the selected quantity which was 
chosen so as to give a time in the region of 200 s. Generally several times 
all agreeing well within 1 s were readily obtained for any given setting.
Where two alternative surface profiles were possible for a given head, 
as described in the next section, times were taken for both conditions; no 
appreciable variation was apparent.
The results are tabulated in a series of tables in Appendix B and plotted 
in Figs. 39 - 4l (see Sec. 8.1., which includes notes on presentation).
7.4.2. Surface Profiles
Over the ranges of head indicated in the previous section, the shapes of 
the surface profile for various heads were established for all three weirs.
In each case, the zero reading of the point gauge was established and 
the head was set as already described. At suitable intervals along the centreline 
of the channel, measured by the longitudinal scale, pointer gauge readings were 
taken so as to define the profile. In cases where it was desired to read the 
underside of the nappe beyond the downstream end of the weir, a hook gauge was 
used instead of a point gauge. Minor fluctuations of the surface did not, in 
general, cause any difficulty in reading the surface level to the nearest 0.01 in.
(0.3 mm), the accepted reading being, in effect, a temporal mean.
With the 6 in. (152 mm) weir, the water surface dropped throughout its 
length for all the range of heads examined. With the 15 in. (381 mm) weir, 
as the head was reduced first one and then two stationary waves were formed.
It was found that there was a transitional range, with the head between 1.57 in. 
(40 mm), and 1.23 in. (31 mm), for which two alternative forms of profile were 
possible, one with and one without a stationary wave. The wave would be formed 
if an obstruction was temporarily inserted in the flow near the downstream end 
and then removed. The wave-free form could be ensured by quickly sweeping a 
paddle or simply the hand downstream through the water over the weir crest.
Over the range quoted, either form, once established, appeared to be stable; 
for lower heads, a persisting wave-free form seemed not to be possible. The 
limits of the transitional range were established by systematically varying 
the head and checking whether both forms were possible and, within the range, 
details of both the forms possible for a given head were recorded.
With the .30 in. (762 mm) weir, a similar transitional range with profiles 
with or without a stationary wave both possible, occurred for heads between 
2.5 in. (63 mm) and 1.9 in. (48 mm). For still lower heads, the number of waves 
increased but, moreover, a hydraulic jump was encountered dividing the subcritical 
flow at the upstream end from the train of waves further downstream. Again, 
there appeared to be a transitional range in which alternative forms, with or 
without a hydraulic jump, were possible, 1.9 in. (48 mm), the lowest head at 
which a wave-free profile was possible seemed, perhaps by chance, to be also 
the highest head at which a hydraulic jump occurred; the lower limit for a 
profile without a hydraulic jump was 1.5 in. (38 mm) approximately.
It appeared that, in the transitional range, a hydraulic jump was likely 
if the head had been increased from a lower value and less likely if the head 
had been decreased from a higher value. The form prevailing, therefore, tended 
to persist as the head was varied, although, in this range, the form without the 
jump seemed rather unstable. As the head was further reduced, the jump advanced
upstream until, at the lowest head studied, 0.82 in. (21 mm), the jump
impinged on the sharply falling surface near the upstream end.
For the lowest heads investigated, the amplitude of the waves particularly 
near the downstream end, was very small, almost too small to be measured. Their 
positions could, nevertheless, be detected by the optical effect on the surface, 
where they appeared under a strong light as a series of light and dark bands.
Profiles are shown in Figs. 42 - 46 (see Sec. 8.2., which includes notes 
on presentation).
\
7*4.3» Velocity and Pressure Distribution
To examine the effects of friction on the crest a record was required of 
the variation of velocity and pressure with height and distance for various 
flow conditions.
With the 15 in. (381 mm) weir, therefore, the three main series of velocity
and pressure distribution measurements were taken:- with a head of 3-30 in. (84 mm)
the highest available with the apparatus; with a head of 2.50 in. (64 mm) , at
which the profile, although rising, was free of waves; and with a head of 1.50 in.
(38 mm), which was in the transitional range, so that two alternative profiles, 
with and without a stationary wave, were possible.
With the 30 in. (762 mm) weir also, three rather briefer series of readings
were taken:- with a head of 3-30 in. (84 mm); with a head of 1.32 in. (34 mm), 
at which a hydraulic jump was present; and with a head of 0.82 in. (21 mm), this
being the lowest value of h/L that was investigated.
The 6 in. (152 mm) weir, which involved flow curved throughout, was not 
included in this series of measurements, which were intended to relate to 
velocities departing only little from the horizontal.
The time involved in taking the considerable number of velocity measurements
was greatly reduced by the use of the multiple total head tube enclosed in a 
perspex blade, already described (Plate 5a.). Once the blade was set vertically 
in the direction of flow with its bottom edge resting on the level crest of the
weir, the height over the crest of each tube'in it was fixed and known. With 
this instrument, it was, of course, necessary to determine separately the static 
head at the level of each tube in order to obtain the velocity from the total 
head reading. Where the flow was nearly parallel so that the pressure was 
hydrostatic, this could be done by using an appropriate tapping in the weir and 
taking the static head reading as applicable to all levels at that point. Where 
this condition could not be assumed, a separate traverse was taken using the 
static tapping of a 2.3 mm pitot-static tube; the tube was supported from the 
instrument carrier and its vertical position at any reading could thus be 
established using the vertical scale with a vernier slider. In cases of doubt 
a check was made with the pitot-static tube to find whether the static head was 
constant throughout. All heads, whether associated with the multiple head tube, 
the pitot-static tube or a tapping in the weir, were read by making connections 
to the range of standpipes, which were then read by the travelling microscope 
(Plate 2). Sufficient time was always allowed for steady conditions to be 
attained.
With the 15 in. (381 mm) weir, traverses for total head and, where 
necessary, static head were taken at 1.5 in (38.2 mm) intervals along the crest 
(static tappings were provided in the crest at these intervals). For the first 
series of readings taken, that with the highest available head, several of the 
total head traverses were repeated using the total head element of the pitot- 
static tube. This was intended for purposes of comparison, to afford a further 
check upon the multiple tube. These parallel sets of readings, as may be seen 
from the tables of results, agreed well with the multiple tube traverses and the 
latter were subsequently used alone.
In the case of the 1.50 in. (18 mm) head on the 15 in. (381 mm) weir, a 
full set of readings was taken with the wave-free form of profile prevailing. 
Then, with the undular profile established, the traverses were repeated for 
those stations where the depth was altered. (For part of the length the flow 
was the same for both conditions.)
For the 30 in. (7^2 mm) weir, in order to afford a comparison with 
conditions at the same head on the weir of half this length, a series of 
traverses were again taken at the maximum head available, 3-30 in. (84 mm).
(A detailed experimental study of velocity distribution is obviously most 
easily made when the depth examined is as great as possible.) The traverses 
were not taken at every 1.50 in. (38 mm) interval along the crest, but only 
at sufficient stations to define the general development of the flow pattern.
At two relatively low heads on this weir, 0.82 in. (21 mm) and 1.32 in.
(34 mm) respectively, a few traverses were taken at each end and near the 
mid point primarily to examine energy losses along the length.
The measurements are tabulated and evaluated in a series of tables in 
Appendix C and the sets of velocity and pressure distribution for the three 
heads on the 30 in. (762 mm) weir are depicted graphically in Figs. 4 7 - 4 9  
(see Sec. 8.3-, which includes notes on presentation).
In regions of pronounced curvature, it was not expected that horizontal 
total-head tubes alone would yield an accurate picture of the flow pattern.
Where this was confirmed by a marked discrepancy between values for discharge 
as measured directly and as calculated from the measured velocity distribution, 
the traverse has not been included in the printed results. The region of curved 
flow at the upstream end of the weir was more appropriately investigated with a 
pitot cylinder as described in the next section.
7*4.4. Flow Pattern near Upstream Edge
The investigation of the flow pattern near the upstream edge, necessary to 
verify the results of the approach using potential flow theory, was undertaken 
with the aid of the miniature pitot cylinder.
i
The pitot cylinder had first to be calibrated so as to determine its reading 
when set across a stream with horizontal flow. To achieve this, the 30 in.
(762 mm) weir was set up under a head of 3*3 in. (84 mm). Under these conditions
the surface slope over a stretch near the mid point deviated from the horizontal
by no more than and, furthermore, the velocity distribution in the upper 
part of the stream was very nearly uniform. This, it was considered, would 
provide, to an accuracy within that of the instrument itself, a horizontal 
stream for calibration purposes. Accordingly the tube was set horizontally 
at right angles to the stream at a depth within the band of uniform flow with 
the supporting rod set vertically in the instrument carrier. The tube, its 
ends being connected to standpipes, was rotated until by trial the position 
was found at which the levels in the two standpipes, read by the travelling 
microscope, were the same. The reading of the pointer was then noted. The 
procedure was repeated several times, varying the position of the tube within 
the area suitable for the calibration. The results agreed within - 1° and the 
mean was taken as a zero reading for subsequent observations.
With a head of 3*0 in. (76.2 mm) on the 30 in. (762 mm) weir the tube was 
used to take a series of vertical traverses at intervals of 0.5 in. (12.7 mm) 
from the upstream edge to a distance of 3*0 in. (76.2 mm) and thereafter at 
1.0 in. (25.4 mm) intervals to a distance of 6.0 in. (152.4 mm). As with the 
other series of observations, the positions for the traverses were established 
using the longitudinal scale.
For each traverse, the pitot cylinder was lowered using the fine adjustment 
of the carrier until the bottom of the side supports touched the crest of the 
weir. The vertical scale of the carrier was then read and gap remaining between 
the cylinder and the crest was determined by a vernier caliper. The height of 
the centreline of the tube was thus known for this position; for other positions 
it could readily be calculated from the scale reading. For every position of 
the tube on the traverse the tube was rotated until the same level was observed 
in both standpipes and the protractor was then read. (The tube would be rotated 
backwards and forwards several times to ensure a correct reading, adequate time 
always being allowed for the levels to stabilize.)
Close to the crest, say within 10 mm, erratic readings were obtained 
contrasting with the steady readings forming a regular pattern further out.
The pitot cylinder employed seemed, therefore, not to yield usable.data within 
this zone. Further comments upon this matter are made in later sections.
To supplement each pitot cylinder traverse, a static head traverse was 
taken along the same line using the static tapping of the 2.3 mm diameter 
pitot-static tube.
The whole series of readings was repeated with a 3*0 in. (762 mm) head 
on the 6.0 in. (152.4 mm) weir (i.e. with an h/L ratio of ^).
The readings are tabulated in a series of tables in Appendix D and the 
velocity vectors are plotted so as to be superimposed on the computed stream­
lines in Figs. 32 and 33 (see Sec. 8.3* for notes on presentation).
8. PRESENTATION OF EXPERIMENTAL RESULTS
8.1. Discharge - Head Relationships
Tables B1 - B3 (Appendix B) set out the results of the measurements made 
to establish the discharge - head relationships for the three lengths of weir
investigated, 30 in. (762 mm), 15 in. (381 mm) and 6 in. (152 mm).
In every case, the head in millimetres is shown against the flow per unit
V hs per metre width. The ratios —  are also given and the
J-S
total head upstream H is calculated by adding to the measured head the velocity 
head upstream, the velocity being taken as '^ p . A coefficient of discharge is
2 r  -calculated both as it would be if based upon total head, q/ (y/g(—  )2 H 2), and also
3 3 A
as it would be if based upon measured head, q/( /g(— )2 h 2 ).
In Fig.39, the observations of q and H are plotted for all three weirs
while in Fig.40 the'values of C (based on H.rather than h) derived from the
observations are plotted against H. Fig.4l shows corresponding graphs of C 
h
against —  , with the results of previous workers indicated for comparison (see 
L
Sec. 9*3* for detailed comments).
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8.2. Surface Profiles
The observations of surface profiles consisted simply of pairs of corres­
ponding readings of distance from upstream edge and height of surface above crest 
level. The figures are not tabulated in detail but, rather, profiles based upon 
the measurements have been plotted in Figs. 42 - 46. Instead of merely providing 
a series of single profiles it was thought more informative to group or super­
impose profiles so as to emphasize various significant aspects (see Sec. 9-l» 
and Sec. 9-2. for fuller comments):-
Fig. 42: Profiles for three different heads for the weir 152 mm long 
are superimposed. The scales used are full size vertically and 
quarter full size horizontally.
Fig. 43: Profiles for five different heads for the weir 381 mm long 
are superimposed. Scales are as for Fig. 42. As mentioned in 
Sec. 7.4.2., with heads between 31 mm and 40 mm two alternative 
forms of profile were possible, one with and one without a standing 
wave. Thus, for a head of 38.1 cm, the two alternative forms are 
indicated.
Fig. 44: Profiles for five different heads for the weir 762 mm long
are superimposed. Again, scales are as for Fig. 42, and the
profile for a head of 48.3 mm shows two alternative forms, with
and without a standing wave, while the profile for a head of 38-1
mm shows two alternative forms, with and without a hydraulic jump
Fig. 45: A plot is shown of the detailed observations for the profiles .
in the neighbourhood of the upstream edge for a variety of heads
x y
and crest lengths. By plotting —  and —  , it is shown that, on 
this non-dimensional basis, a single curve affords a good fit in 
this region to the points from the four different profiles.
Fig. 46: Using again a non-dimensional basis, but in this case with 
the vertical scale four times the horizontal scale, a selection 
of four profiles is shown to demonstrate the basic types of profile
possible over the range indicated:- one falling throughout, 
one having a gently rising stretch, one having standing waves 
and one having a hydraulic jump followed by a train of waves. 
The curved portion near the upstream edge is common to all, as 
shown more fully in Fig. 45.
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8.3« Velocity and Pressure Distributions
The results of the measurements for velocity and pressure distribution 
along the crest are tabulated in Appendix C. Table Cl relates to one of the 
cross-sections where traverses were made both with a single pitot tube and with 
the multiple tube and both are shown in full for comparison. For most cross- 
sections only the one instrument was used and the results generally, therefore, 
are presented in a compact form in Tables C2 - C7; each of these tables includes 
all the velocity traverses taken at various cross-sections along the crest with 
a particular head on one of the weirs.
Table Cl shows in full the observed pressure distribution in terms of the 
excess head at each level compared to the head that would prevail if there were 
a simple hydrostatic pressure distribution. In Tables C2 - C7 the effect of 
pressure distribution is indicated simply by a pressure coefficient If (see below) 
hydrostatic pressure distribution corresponds to %  = 1.
For each cross-section several important quantities have been evaluated
from figures for velocities and pressures.
velocity head
Energy coefficient cf - _2
2g
>>
Velocity head, hv = ^  —  A y
Pressure coefficient If = ^ ( —^  + (d - y) )vAy
j o g _ _ _ _ _ _
vd^
at vSpecific energy = —  + 0 d
(A computer program was developed to facilitate the task of calculating
velocities and excess heads and also o( , and E.)
For the 38l mm weir, for which the most detailed investigation of velocity 
distribution was carried out, the velocity distributions at each traverse are 
shown plotted in Figs. 47-49, on the profiles for each of the three heads inves­
tigated, 83.8 mm, 63.5 nun and 38.1 mm. In the last case, the two alternative 
profiles possible are both shown. The approximate thickness of the boundary 
layer, judged as the zone outside which the velocity is almost uniform, may be 
assessed.
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8.4. Flow Pattern near Upstream Edge
Tables Dl - D2 (Appendix D) show the traverses taken with the pitot 
cylinder to establish the flow pattern near the upstream edge.
For each height above crest level (given both in mm and as a fraction 
of h) there is shown:
angle of velocity vector relative to the horizontal, reckoned 
positive upwards, v
piezometric head measured above crest level (expressed as a 
fraction of h)
h
With both weirs, the ratio —  was 0.5 and the observed directions of the
velocity vectors are, therefore, plotted on the corresponding drawing of
h h
computed streamlines for —  = 0.5 with —  = 0.5 and 0 respectively (Figs. 32r J_/
and 33) so that the results of analysis and experiment may readily be compared.
9. INTERPRETATION OF RESULTS OF ANALYSIS AND EXPERIMENT
9.1. Flow near Upstream Edge
9.1.1. Profile
Figs. 32 and 33 show the profile and streamlines derived by analysis
h h(see Sec. 6) for —  = 0 (infinite crest length) and —  = 0 . 5  respectively with
l
ll
finite weir height corresponding to -  = 0.5 in both cases. Each was investi­
gated experimentally and an observed profile has been added for comparison.
li h
With infinite crest length (—  = 0) and with finite crest length (—  = 0.5)
I
\ the flow patterns at the downstream end of this region are very different but
the shape of the roller and flow in the neighbourhood of its highest point,
the control, differ little in the two cases. It may be inferred that, provided
that the length of crest is sufficient to accommodate the bubble, whose length
according to the analysis is nearly 1.6h, the discharge for a given head will be
very nearly the same as for a longer crest (in theory an infinite crest; in
practice any crest which is, although longer, not sufficiently long for the
effect of friction to cause the control at the upstream end to be drowned).
For —  = 0 the observed profile accords quite closely with the results of
\ analysis; at every point the two agree within 2 - 3% of the head h. Analysis
indicates a profile falling tangentially to a horizontal line 0 .45h above crest
level; the actual profile falls to a minimum depth of approximately 0.46h before
beginning to rise again due to the effects of resistance, 
h
For —  = 0.5 the observed and computed profiles are similarly in agreement
in the region above the roller and are, in turn, little different from the
profiles for —  = 0. It is here, where supercritical velocities are first
attained, that the control is established and virtually the same discharge might
li
therefore be expected for the two values of —  . This is borne out by experimentJ-/
(see also Sec. 9.3. for comments on discharge). Towards the downstream end of
IIthe weir the profile for •— = 0-5 differs appreciably from that for —  = 0 due to
•Ij l
the very different conditions provided by the free outfall in the former case. 
There is, too, a greater difference here than elsewhere between the observed and
computed profiles. At the downstream edge the observed depth is 0.43h while 
the computed depth is 0.38h. The discrepancy is probably accounted for by the 
fact that at the free overfall the velocity distribution is appreciably different 
from that predicted by potential flow theory as applied in the calculation.
Figs. 30 and 31 show the computed profiles for = 0 and ^  = 0 . 5  respectively
J J L i
for infinite depth of approach channel (-^  = 0). There are no observed profiles
for comparison for, with any reasonably large value of h, the facilities
available did not permit the use of a weir having a height equivalent to many
ll ll
times the head. In any case, the computed profiles for both —  = 0 and —  = 0.5
!_/ J_/
ll
differ very little from their counterparts with —  = 0.5* This is to be expected 
ll
since with —  = 0.5 the total head, H, exceeds the measured head, h, by little 
more than 1%.
9.1.2. Flow Pattern
ll
Figs. 30 - 33 show the streamlines computed for —  = 0 and —  = 0.5i in eachL L
case both for ^  = 0 and -^  = 0.5. The upstream pattern is greatly different for 
ll ll
—  = 0 and —  = 0.5, approaching radial flow in one case and parallel flow in the
other with increasing distance from the edge. Over the roller itself, however,
the patterns are little different for the finite or for the infinite weir height
so that the nature of the control and hence the discharge and the downstream
flow pattern are virtually unaffected.
In the two cases where -jp; = 0.5? (Figs. 32 and 33) the velocity directions
as actually measured at a series of cross sections are shown for comparison with
the computed directions as indicated by the streamlines. It will be seen that
in the region well clear of the roller there is generally fair agreement between
the measured and computed directions. Within the roller itself and within a band
h
of approximate width — r outside the hypothetical outline of the roller the 
measured velocities did not merely lack close agreement with theory but presented 
a generally erratic pattern. Beyond indicating the presence of a high degree of 
turbulence, the significance of the observations within this region is therefore
somewhat doubtful. Different techniques than those employed in the present 
investigation would certainly be required to yield a fuller picture of the 
flow pattern. The area to which these remarks would apply is made evident on 
the drawings by the absence from it of any arrows indicating observed velocity 
directions. It appears to be more extensive downstream of the highest part of 
the roller in the case of the infinite crest than in the case of the finite one. 
This is perhaps due to the fact that in the latter case, with its free overfall, 
there is a more favourable pressure gradient in the direction of flow.
Outside this turbulent region, however, the measurements show fair agreement
with the predictions of the analytical treatment, certainly to a point well beyond
the highest part of the roller where the control may be expected to exist. Thus,
the assumption of a roller with constant piezometric head within it and potential
flow outside it accords well with the actual pattern of flow above the roller and
thus with the discharge that this will entail, provided that:
h.
(a) -  is so large that h is very nearly equal to H
(For -  = 0.5, H = 1.013 h)
(b) —  is not so large that, due to friction, the downstream profile
i-t
drowns the control at the upper end (see Sec. 9*2.)
(c) — is not so small that the crest becomes too short to accommodate
J-i
the roller that would be formed with a long crest (A length equal
to twice the head is probably an approximate minimum,corresponding
h h
to —  = 0.5- There must, in fact, be a range of —  for which, although'L L
the weir is not sufficiently short for the water to spring clear at 
the upstream edge as for a thin sharp-edged weir, the crest is 
nevertheless shorter than the full length of roller so that the 
flow pattern and the discharge must be very considerably altered.
With the apparatus available, the investigation could not well be 
extended to cover these conditions whilst still using a reasonably 
large scale; the lack of transparent sides to the flume would also 
have impeded observations. Subsidiary observations with a weir of
crest length 12 mm in a small perspex flume 76 mm wide indicated
that the water only sprang clear from the upstream edge when the
head became equal to twice the length, i.e. —  = 2, compared with
L
the figure 1.5 - 1*9 quoted by Rao and Muralidhar (l5))»
9.I.3. Pressure Distribution in Roller
From the tables in Appendix D, it may be seen that, within the assumed 
outline of the roller, the measured value of piezometric head is not completely 
constant as assumed in the hypothesis. In general terms it may be said to vary 
from approximately 0.55h at the upstream end to approximately 0.68h at the 
downstream end of the roller. The postulated absence of variation is thus not 
confirmed to any great degree of accuracy although the measured values are 
indeed scattered about the calculated values, O .58 - 0.62h. As mentioned in 
Sec. 6, therefore, the hypothesis should therefore be regarded as predicting 
the shape of the roller and the flow pattern outside it rather than the 
conditions within it. (It must also be acknowledged that the accuracy of 
measurement of piezometric head inside this highly turbulent region and within 
a small distance of the flat crest is somewhat doubtful. The diameter of the 
pitot-static tube whose static tappings were used for the measurements, was,
in fact, at least —  of the greatest height of the roller.)
5
9«2. Development of Profile along Crest 
9«2.1. Forms of Profile
The pattern of development of the profiles may be seen in Figs. 4 2 - 4 4
but it is best illustrated in Fig. 46, where selected profiles are grouped for
h
comparison. For high heads (say —  >  0.35) the profile was basically an ogee
h
curve; for 0.35 >  “  >  0.07 - 0.1 approximately, the profile exhibited a
Li
relatively flat stretch downstream of the sharply curved entry region, rising
h
gently due to the effects of friction; for —  < 0.07 - 0.1 approximately,
Li
standing waves began to appear and as the head was reduced still further, say
into the range —  < 0.05 - 0 .07, a low hydraulic jump formed at the beginning 
L
of the wave train. (See also Secs. 7*4.2. and 7*5*2.)
The observations of previous writers such as Woodburn (12) and Keutner (20) 
confirm these trends.
9*2.2. Energy Degradation
From measurements of pressure and velocity distribution an attempt may be
made to assess the energy dissipated in the course of flow over the crests. The
energy at any cross-section having been calculatedjthe energy dissipated up to
that point may be taken as the difference between the energy there and at an
initial point upstream. The calculated loss is thus the relatively small
difference of two larger numbers. Further, the calculation of the energy
cC v^ .
entails calculating the velocity head —  which is thus proportional to the
2g
square of the velocity. If there is an error of only l%.in the assessment of 
velocity there may be, therefore, an error of 2% in the velocity head. Velocity 
head will account for no more than half the specific energy in almost every case 
but, even so, it would be well to concede that the assessment of the specific 
energy may well be in error to the extent of some 2 - 3%* This represents a 
substantial fraction of the figure for energy degradation which will usually 
itself be only a few percent of the initial head on the weir. Where the flow 
is notably curved even this approximate assessment is not possible with the 
techniques used in the present investigation. These limitations must therefore 
be borne in mind throughout the following comments on energy dissipation.
It seems probable that there will be an energy degradation associated with 
the separation at the upstream edge and a further loss due to friction along the 
crest. The magnitude of the latter may be assessed by using accepted theoretical 
treatments as outlined below.
The simplest approach, which is one of the alternatives advocated by Ackers 
and Harrison (26) in their work on critical depth flumes, is to calculate the 
losses as though for uniform flow conditions using the Darcy - Weisbach equation,
1 V 2
whereby the head loss h-r in a length 1 is given by hf = f —  •— wherem 2g
, , , . / cross-sectional area, , . . . . _ . , .
m = hydraulic radius (= ---- 7*7— ;----: 7-----) and f is a dimensionless frictionwetted perimeter
^  ^ , shear stress at surface^ j v, dfactor (= ------------------------ )• f is dependent upon the Reynolds number, Re
l ” 2
¥ /°V vD . . .
which for a circular pipe is ppr where D = diameter of pipe and v' = kinetic
viscosity of fluid; the same values of f as for a pipe are commonly used for
non-circular conduits both open and closed, provided that Re is then calculated 
4vmas • Velocities along the crest in the present series of experiments ranged
between 0.125 m/s and 1.0 m/s and depths ranged between 0.015 m and 0.04 m.
Treating the channel as wide, therefore, and taking m as equal to the depth and
taking V" for water as 1.15 x 10” m s“ , the value of Re, as defined above,
ranged between 1.31 x 10^ and 1.40 x 105. All the observations, therefore,
fall within a range for which turbulent flow may be assumed and, further, for
which Blasius* equation f = may be applied. be applied. (Blasius*
(Re)4
equation may be used with reasonable accuracy for circular pipes, in the
approximate range 5 x 10^ <  Re <  2 x 10^. The situation may be somewhat
modified for a conduit of different shape, but the present observations may
probably safely be taken as falling within the range of applicability.)
Using this approach, then:- 0-079 0 .056
Shear stress at surface,7*= 2 yO v ^4vdj j = \ p  v 2 f vdjy
An alternative approach advocated by Delleur (29) in his treatment of
boundary layer development on a round-edged broad-crested weir, is to calculate
1
frictional drag using boundary layer theory for a flat plate. If, again, a 
power law velocity distribution is assumed, according to Schlichting (Ref 27,
P» 537), then, in the boundary layer on a flat plate of zero incidence the skin
trys 0 . 025
friction coefficient c, = -7----- 5— = ~7Z Tl where v, = velocity outside the
f % prf ( R e ^  1
V i 0
boundary layer, and Re^ is a Reynolds number -pp—  involving the momentum
thickness 0  of the boundary layer. For a —  power law,
0 n
so 1 7  that for n = 1 yielding a — th power law 0  = —  and Re q  -
7 72
6 (l + n )(2 + n)
7v,S
72 v''
Examination of the velocity distribution will show that & varies over a range 
0.45d - 0.75d with an average in the region of 0.6d. Adopting this latter figur
0.0256 0.051
*Y may be written as \ p  v}2 ^7 x 0.6 v,j i = 2 |V] d jj
(Different values of , within the range quoted, will have only a 
relatively small effect on the result as h appears in the form ^ - Similarly
the effect of variations in n will not be great.) When it is seen, by reference 
to the velocity distributions, that v1 is a few percent greater than v in all 
cases, it will be appreciated that the difference in the effects of using the 
simple approach assuming uniform flow and of using the more elaborate approach 
of considering the behaviour of the boundary layer is quite small. The difference 
is too small, in the view of the writer, particularly in the light of the 
preceding remarks on the accuracy of measurement of energy degradation, for it 
to be possible, from the present investigation, to say which approach is the more 
valid. This being said, it appears logical to adopt the simpler approach for 
present use whilst noting that considerable further work is required both to 
establish the energy degradation with greater accuracy and to relate those more 
accurate figures to a fuller theoretical approach based upon boundary layer 
theory.
Applying then the Darcy Weisbach equation to flow along either of the 
longer weirs under a head of 83.81pm, the depth over the very gradually varying
stretch is approximately 40mm with a corresponding mean velocity of 0.9 m/s.
_ , , n vd 4 x 0 . 9 x 0 . 0 4  nr- -.^ 5Reynolds Number, Re = —  = ----— r—  = 1.25 x 10^V  1.15 x 10“D
Friction Factor, f = --5^  = 0.0042
ReJ (1.25 x 10->)<*
ll
f „ v 2 0.0042 x 0.9 ^Rate of head loss, 1 = —  = f = — ---— 5----— — 7- = 0.0043
’ 1 2gd 2 x 9.81 x 0.04
Similarly, an approximate rate of energy degradation may be calculated 
as in Table 1 below for each of the four cases in which, by measurement of 
velocity distribution, a practical assessment of energy levels was made. (The 
aim in the first instance, is to form an estimate of hydraulic gradient in each 
case; small variations in v and d through the length will not be of great account. 
The cases of 33*5 mm and 20.8 mm head on the 762 mm weir are excluded from
present consideration as they were complicated by the presence of a hydraulic
jump and a wave train.)
TABLE 1
L h V d Re f i
(mm) (mm) (m/s) (m)
762) 
& ) 
381)
83.8 0.9 0.04 1.25 x i05 0.0042 0.004
381 63.5 0.8 0.03 8.4 x 10^ 0.0047 0.005
381 38.1 0.6 0.02 4.2 x 10^ 0.0055 0.005
Using the above figures, the energy degradation due to friction that may 
be expected over the relatively flat or parallel stretch of the profile may be 
calculated as in Table 2 below. For example, with a head of 83.8 mm on the 7^2 mm 
weir, this stretch is some 500 mm long; the calculated head loss hn over the 
stretch would be 500 x 0.004 = 1.0 mm or 2.4% approximately of the head on the weir.
TABLE 2
L h Length of 
parallel stretch
. h" h"
H X
(mm) (mm) (mm) (mm)
381 83.8 150 0.6 0.7
381 63.5 200 1.0 1.6
381 38.1 200 1.0 2.6
762 83.8 500 2.0 2.4
It has been stressed that the observations of velocity distribution do no 
more than provide an assessment of specific energy at each point to an accuracy 
of some - 2 - 3% of the head on the weir H. They scarcely afford, therefore, a
very close check on the figures for energy degradation calculated above which 
themselves only amount to 1 - 2% of H. They may be said to be not inconsistent 
with these approximate calculations rather than to furnish positive confirmation. 
For convenience, figures for specific energy at various sections have been 
extracted from the data of Appendix C and are given below in Table 3; in 
addition to the four cases examined above, all with profiles free from waves,
~ i
two other cases are included with lower heads on the 762 mm, weir', both with a 
hydraulic jump and a wave train.
TABLE 3
L
(mm)
h
(mm)
E
H x
114 152 229 305
381 83.8 97 96 96
381 63.5 96 95 95
381 38.1 94 93 91
762 83.8 97 99
762 33-5 94
762 20.8 88
381 686 Distance from
upstream edge (mm)
99 97
91 91
88 84
The approximate nature of the figures will be apparent at once from the 
fact that they appear in some instances to show an increase of energy in a 
downstream direction, which can scarcely give a true representation of actual 
conditions. Tentatively, however, an attempt has been made, in Table 4, to 
assign values in each case to the percentage degradation of the original head 
in the neighbourhood of the roller and its immediate wake and in the subsequent 
downstream profile.
TABLE 4
L h Energy degradation Energy degradation
% near inlet % in friction downstream
(mm) - (mm)
381 83.8 2 - 3 1
381 63.5 4 1 - 2
381 38.1 6 2 - 3
762 83.8 2 - 3 1 - 2
762 33-5 6 3
762 20.8 1 0 - 1 2 4 - 3
The figures imply an energy degradation along the crest downstream of 
a few percent of the initial head, generally of the same order as might be 
expected from accepted theory and increasing with —  ratio. They imply, further, 
a percentage degradation at entry increasing with decreasing head. This seems 
most likely to be due to the increasing effect of surface tensionj and) viscosity 
with reduction in scale and is consistent with the reduced coefficient of 
discharge seen at these heads (see Sec. 9-3-)• Investigations beyond the 
scope of the present work would be needed both to quantify the effect of scale 
empirically (large facilities would be required in order to investigate substan­
tially higher heads) and further, if possible, to relate to theory the energy 
degradation at entry.
r
9»2»3. Factors determining Profile downstream of Inlet Section 
If the crest length is longer than the minimum necessary to permit the 
depth downstream of the roller to approach the value 0.45h indicated by analysis, 
then, as the flow proceeds downstream, the velocity being supercritical, the 
depth will begin to increase due to the effect of friction. Ultimately, if the 
crest is sufficiently long the depth will approach the critical value for the 
discharge. (if the weir behaved according to simple theory the critical depth
would be §H. If the mean value of the discharge is, in fact, C times the
value given by simple one-dimensional theory (see Sec. 3) the critical depth,
2 2. p »
being proportional to q5, would be C3 fH.) This represents a limit for a
profile with a continuous gradual increase of depth, for further increase in 
depth beyond the critical would correspond not to a decrease but to an increase 
of specific energy.
If, then, a still greater crest length is considered, it will be found to 
yield a fresh situation. Instead of being controlled entirely from the upstream 
end, the profile may now be divided into two parts, one controlled from the 
upstream end, one from the downstream end. Rouse (3l) has described how, at 
a free overfall at the end of a horizontal or mildly sloping channel, the depth 
is drawn down to the critical value near the end; he found, in fact, that due 
to the effects of curvature, the measured depth at the overfall itself was, 
with little scatter, 0.715 dc, the critical section itself being located e. 
little distance upstream. With a long weir, therefore, the situation shown in 
Fig. 50b, may be expected to develop, in which over length AB there will be 
supercritical flow controlled from upstream, an H3 profile in the usual nomen­
clature, while over length CD there will be subcritical flow controlled from 
the critical section D downstream, an H2 profile. The transition from AB to CD 
cannot be made via a continuously rising surface but must,- as described later, 
involve one or more waves and possibly a hydraulic jump.
The limit for a wave-free profile therefore should be as shown in Fig. 50a,
where the H3 profile rises very nearly to the critical depth, being followed by
a short downward curve falling to 0.715 dc at the edge. This was the situation
found in the experiments, where, with the 7&2 mm weir, the lowest head for which
a wave-free profile could be sustained was 48.3 mm. At this head, C would be
2
0.83 and the corresponding critical depth would be (0.83)^ x §H = 0.59H. From 
observations of the profile, it was found that the surface did indeed rise to 
a maximum depth of 0.59H at a distance of some 1.5H from the downstream edge, 
the depth at the edge itself being 0.4lH, i.e. 0.70 dc. The agreement with 
theory, then, is close.
As has been said above, for still greater crest lengths the profile has 
a subcritical section downstream and a supercritical one upstream. The
transition from one to another, which is not possible by a continuous rise 
in the surface, may be made through the medium of a standing wave.
Benjamin and Lighthill (40) have given a good account of the factors 
underlying the formation of trains of stationary waves. They show that, if, 
for unit width, q is the flow, E the specific energy and F the momentum flux, 
then,neglecting higher differentials
gd3 - 2Egd2 + - q2 = - yq (“[“)2 ------------  (22)
Thus, waves are possible if for the function gd^ - 2Ed2 + 2Fd - q2 (= f(d)
P
say) there are two values of d for which the function is zero while for values
of d between these two the function is negative as in curve A, Fig. 511 i.e. at
the crest and trough of the waves ~  = 0 , while at intermediate depths ^  hasdx dx
the appropriate value to satisfy Equation (22). The depth upstream and at the 
troughs will be d }, while downstream and at the crests it will be d2.
If, however, there is no loss of energy and no external force applied 
then both specific energy E and momentum flux F must have the same values 
upstream and downstream. No two values of d 1 and d2 can satisfy both these 
requirements so that, under these conditions, a wave is only possible if. 
d1 = d 2 (the case of the solitary wave that can emerge without frictional 
loss from a supercritical stream).
When, however, there is a loss of energy, the situation is amended. If, 
at a point upstream the uniform supercritical flow is represented by curve B 
in Fig. 52, then, downstream, the flow will be represented by curve C, somewhat 
higher than curve B, since, if the specific energy E is reduced, then f(d) is 
increased. The depth upstream will be dj, the depth in the troughs will be d3 
and the depth downstream and at the crests will be d 2.
f (d)
Fig.52.
If a hydraulic jump were present at the beginning of a wave train there 
would be an appreciable energy loss and d3 would be notably greater than d, ; 
if there were no jump, the loss could be expected to be small and d3 would 
be only a little greater than dj. It is, in fact, the case that, as d2 
becomes sufficiently great relative to d,, a hydraulic jump is formed at the 
sta*rt of the wave train. Benjamin and Lighthill, quoting the analytical 
treatment of Korteweg and de Vries (4l), point out that there is a tendency 
for waves to steepen ahead of their peaks at a rate proportional to where 
a is the amplitude; there is a contrary tendency, opposing steepening, propor-
d
tional to — , where A  is the wave length. Thus there is a series of wave
,2a d
forms such that for each ratio of —  to — r-o the two tendencies cancel out and
d A
a wave of permanent character is possible. These wave forms will, in fact, be
graphs of the Jacobian elliptic function cn x for different moduli; they are
termed cnoidal. Thus, waves of a permanent character are possible up to a 
a X2certain value of ---  (which corresponds to the solitary wave which may emerge
d3from a stream with supercritical velocities); for higher values of ---  the
d3
waves will steepen and form a hydraulic jump. (The case of the stationary
hydraulic jump is exactly similar, if a velocity is imposed, to the case of a
bore travelling along a stream due to an abrupt increase in depth.) Favre (42), in
his study of the translatory waves in open channels, noted from his observations
d 2
that a bore or hydraulic jump occurred if -p- >■ 1.28. He observed too that, as 
indicated above, if there was no jump, the depth at the troughs was very nearly 
equal to the upstream depth dj, while,' if there was a jump, the depth at the 
troughs was appreciably greater. This is probably linked with the fact that, 
unless d, and d2 are respectively only a little below and above the critical 
depth, then if F1 = F 2 approximately, E 2 will be appreciably less than Ej .
The necessary energy loss to satisfy^ this condition will only be realised if 
a hydraulic jump is created.
The present observations of flow profiles bore out this overall pattern 
of behaviour in that, as the head was decreased, the subcritical profile
extended further back upstream at increasing depth, the transition from the
supercritical profile showing one or more stationary waves. Ultimately with
a sufficiently low head and the consequently large increase in downstream depth
relative to upstream depth, a hydraulic jump was formed. The stage at which
it was formed was not particularly close to Favre's criterion. With the 762 mm
weir under a head of 46.0 mm, one of the highest heads at which a jump formed,
the depth upstream of the jump was 23-4 mm while the level at the crest of the
d
first two waves was 37-3 nun, a -p- ratio of 1.6l. For this head, at which an 
alternative profile without a jump was still possible, the depth at the down­
stream edge, both with and without a jump, was 18.5 mm, corresponding to O .69 dc.
With the same weir and a head of 33*5 nun, for which a profile without a
jump was not possible, the level upstream of the jump was 18.O cm, and the
d2
level of the first crest was 26.4 mm, a -r~ ratio of 1.46.
d i
(it must be remarked that in the author's experiments, the hydraulic jumps,
besides being very weak due to the low Froude number, were on a small scale, the
increase in height being only a few millimetres and they may well have been 
affected by surface tension; in Favre's experiments the increase in height with 
the jump was of the order of 40 - 50 mm.)
To summarise, it may be said that the general forms of the observed profiles
may be accounted for by accepted theories of fluid resistance and of wave 
formation. The level near the upstream end is established at a supercritical 
value by the flow pattern in that region (Sec. 9-1-)• Proceeding downstream 
the depth increases in a manner predictable by conventional calculations for 
gradually varied open channel flow. If the weir is sufficiently long for the 
depth to approach the critical value a second control is created as critical 
conditions are established near the downstream end. The transition between 
the supercritical and subcritical profiles involves the formation of one or 
more waves, which will be preceded, if the increase in depth is sufficient^ by 
a hydraulic jump. Ultimately, if the weir is long enough relative to the head, 
the subcritical profile may extend back so far as to drown the upstream control.
The weir is, in effect, a short horizontal length of channel with, in 
the general case, a control at each end, establishing a supercritical profile 
in the upper part and a subcritical profile in the lower part, with a break 
from one to the other in the form of waves of a jump. If the weir is suffi­
ciently short, however, the downstream control is swept away; if it is 
sufficiently long, the upstream control is drowned.
9.3. Coefficient of Discharge
Q
In Fig. 40, the coefficient of discharge C = is shown plotted
against the total head, H, for al] three lengths of weir investigated.
It will be seen that the results for the three weirs are all very similar.
In each case the coefficient falls slightly as the head is reduced from the 
highest head investigated, some 85 mm, to a head of approximately 30 mm and 
thereafter begins to fall away relatively more sharply. (The calibration of 
the current meter by means of a thin-plate weir was considered not to be 
accurate for heads much below this figure. Indeed, as already stressed, the 
accuracy of measurement of flow generally in the experiments must be borne in 
mind throughout the remarks on discharge. Apart from errors in measurement of 
head and of timing in using the meter, further errors are possible in making 
measurements for the calibration; the calibration, in turn, depends upon the 
formulae of BS 3680 (38) which may be "expected to be accurate within 1 percent.")
It might appear from the graph that, over the range of head 30 - 85 mm, the 
coefficient for a given head is slightly higher for the 152 mm weir than for the 
two longer ones. In view of the above remarks on accuracy, however, it must be 
said that the variation hardly exceeds the probable degree of experimental error 
and cannot for the present be treated as significant. It seems most appropriate 
to consider all the results together and to say that as the head falls from 90 mm 
to 30 mm the coefficient falls from O .87 to 0.82 in a manner that, with the 
accuracy available, may be considered linear. (It is, of course, possible that 
errors of calibration, affecting all three weirs equally, account for a part of
this apparent fall in C of 5% but the fall is probably too great to be dismissed 
entirely in this way). The drop in coefficient with reduced head,particularly 
the sharp drop for heads below 30 mm, is most probably to be accounted for by 
the increasingly significant effect of surface tension as the head is reduced 
and with it the scale} viscosity too, may play a more important role.
If, now, the coefficient is plotted against the ratio -r for the three weirs
Lj
(Fig. 4l), the three curves are much more distinct with C values differing by
h
several percent for any given value of —  • This may seem in conflict with the
Lj
statement of other writers such as Tracey (13) and Rao and Muralidhar (l5) who, 
in summarizing the results of various workers, imply that, provided the weir 
height P is not too small and the channel width B is not too narrow, then C 
will have a unique relationship with the dimensionless ratio —  , virtually
±J
regardless of the length of weir. Tracey considers that, at any rate for weirs 
at least 400 mm long, possible variation due to the effect of viscosity can be 
neglected.
Now it may appear as one examines the results of other workers that, whilst
/' • •• 
a considerable degree of scatter must be acknowledged, a f.ingle curve may be
adopted defining the trend of the relationship C v ■— for a wide range of weirs
Lj
h
and heads. This curve will have a rising section up to -  = 0.1 approximately,
Lj
h ll
a level or gently rising section from —  = 0.1 to —  = 0.35 or 0.4 approximatelyL L
and a further rising section thereafter (Fig. 4). Whilst this may be accepted
in principle, it must be appreciated that frequently a set of results has
h
covered a range of —  up to values of 2.0. The particular range under study in
Lj
h
the present investigation, that of almost constant C for 0.1 •< —  <  0*4 (which
JLs
will be called for convenience the constant coefficient range) forms only a 
part of this whole. Whilst this part of the complete curve may be thought of 
as a relatively flat stretch between the two steeper parts of the whole, a more 
detailed study of published results reveals an outcome less well defined. In 
some cases it may be seen that, while the particular investigation entailed a 
large total of readings, few out of the total related to this particular range,
possibly, in the case of low heads, none at all. Brief comments, therefore, 
are given below on the constant coefficient range as, covered by the main 
investigations in this field, and some of the results have been indicated on 
Fig. 4l, for comparison with the results of the present studies. (The results 
of the other workers are shown, not as series of individual points, but as 
dotted lines indicating the pattern of the results, with the name of the author 
and the length of weir indicated in each case.)
Bazin (lO), in investigating square-edged weirs, used five crest lengths 
from 100 mm to 2.0 m with a height of 750 mm and a channel width of 2.0 m in 
each case. His findings for the constant coefficient range (as quoted by 
Horton (ll)) are as below:
L = 100 mm. No readings in the range
li
L = 200 mm. Only one reading C = 0.895 at —  = 0.3l4 (h = 64 mm)
J_/
ll
L = 400 mm. C is almost constant at 0.855? for 7* between 0.158 and
L
0.396 (h between 64 mm and 158 mm)
ll
L = 800 mm. C increases from 0.821 at —  = 0.107 (h = 85 mm) to 0.852
J_/
at —  = O .366 (h = 292 mm)
L i
ll
L = 2.0 m. C increases from 0.822 at —  = 0.109 (h = 2l8 mm) to O .850
J-/
ll
at —  = 0.224 (h = 448 mm), the highest head examined.
Lj
Horton (ll), reporting tests of the U.S. Geological Survey at Cornell, 
records the following results in the constant coefficient range, with weirs 
3.43 m high, set in a channel 4.87 m wide.
ll
L = 502 mm. C falls from 0.915 at —  = 0.127 (h - 64 mm) to O .828 atL
1*
•7 = 0.408 (h - 204 mm)
L/
L = 966 mm. C falls from 0.923 at —  = 0.132 (h = 127 mm) to 0.857 at
L i
“ = 0.390 (h = 376 mm)L
ll
L = 2.72 m. C falls from O .858 at —  = 0.100 (h = 272 mm) to O .850 atL
—  = 0.3^0 (h = 931 mm)
y.
L = 3-74 nu C falls from 0.875 at —  = 0.117 (h - 452 mm) to.0.846 atL
7  = 0.245 (h = 923 nun) and rises again to 0.873 at 7  = 0.351 
L i L j
(h = 1.328 m)
Woodburn (12) tested only one square-edged weir, 3-05 m long and 523 mm
high. The width, 710 mm, was rather narrow for the length of weir. The results
are not quoted but are shown graphically and appear to give values of C rising
i- i.
from 0.84 at 7  = 0.10 (h = 305 mm) to 0.85 at 7  = 0.143 (h = 438 mm).
Lt Lj
Rao and Muralidhar (15) tested a series of square edged weirs, of lengths
ranging from 103 mm to 3*05 m, all approximately 300 mm high, set, as in the
case of Woodburn, in a channel of width 710 mm. Again, detailed numerical
results are not given but from the points plotted on the graph, C appears to
have values in the range 0.91 at 7  = 0.1 with values of the order of 0.93 at
i - r
7  = 0 .35- By inspection, too, it seems that generally the longer crests yield
slightly lower values.
It may be noted that British Standard 3680 Part 4B:1969 (43), in dealing
with weirs of this type, states that the coefficient remains constant for
0.08 <  7  cO.33 and 0.l8 <  h/(h + P) <■ O .36 having the mean value 0.848 which
may be taken as accurate to within - 2%. The value of the coefficient is "based
on an appriasal of experiments, which may be presumed to have been carefully
carried out, with sufficient repetition of the readings to ensure adequate
precision." The coefficient and the limits of applicability quoted appear to
be as set out by Singer (l4). He carried out tests on weirs of length from
383 mm to I.56 mm; his paper gave no detailed results but included graphs
indicating values for C varying from 0.84 to 0.86. None of the graphs show
h
in any positive manner a change in C for values of ■- ■ ■ ■ below 0.l8; it may
be that it was felt that, below this value, insufficient evidence existed to
substantiate a definite recommendation. Harrison (44) commenting on the paper, 
suggested a scatter of - 3% about the central value in the various results 
available, (he also plotted the results of various workers over a fuller range 
of —  than is being considered here).
(In this connection, it may be relevant to quote the experience of Francis 
and Miller (45). They investigated systematic errors in calibrating model 
gauging structures by sending the same model weir, of standard Crump design,
to several laboratories. It was found that with a weir of 4 in. (102 mm)
width the calibration might be expected to be within 0.4% in any one range 
- H
of ~  , but with one of 12 in. (305 mm) width errors up to 2% were possible.
It was felt that, while boundary layers on the wall would be likely to introduce 
a greater error on the smaller weir, the smaller discharges could probably be 
measured with greater accuracy. The results implied that most of the variation 
was associated with differences in the laboratories than with shortcomings in 
the observers.)
It appears, then, that while it may be accepted that there is a range
over which C varies relatively little, there is no really precise agreement
between the results of previous workers as to the values of C within this range.
h
The evidence seems insufficient to analyse the possible effects of scale, ~  
ratio, construction and finish of the weir surfaces, conditions in the approach 
channel, the effect of side walls and viscosity and surface tension.
The present writer, therefore, having regard both to his own results and 
those of others, puts forward the following propositions:-
(a) For a square-edged broad-crested weir there is a range of heads for 
which the coefficient of discharge C, remains nearly constant. The 
range 0.82 - 0.88 covers most of the values obtained by various 
workers; the factors underlying the scatter require further 
investigation.
(b) This value of C is determined by the flow pattern near the upstream 
edge where, as described in earlier sections, separation occurs.
The value, further, is close to that obtained with the hypothesis 
developed in the present work, namely, that the roller formed by the 
separation may be treated as being a zone of constant piezometric head, 
bounded by a free streamline with potential flow outside this stream- 
line; this hypothesis yields a value of C of 0.87 - 0.02.
(c) Provided that the scale is sufficient for surface tension to be 
negligible, the upper limit of head to which the 'constant' coefficient
applies is probably determined by a critical value of —  • This
Lj
appears, from the results of various workers to be in the region
of 0.4 - 0.5. This limit, it would appear, would be reached when
the length of crest becomes so short relative to the head that the
form of the roller must be substantially modified and, with it, the
pattern of the main flow outside it. (The length of the roller
3
derived from the analytical treatment is approximately —h for a 
weir of infinite length, but, in fact the situation must be compli­
cated by the existence of a wake downstream from the roller.) At 
h
such a value of —  1 effect of viscosity should be negligible
JL/
so that the only forces involved would be those due to inertia and
gravity. Dynamic similitude would therefore be realised under
geometrically similar conditions and this is consistent with the
h
fact that the upper value of —  in the range is approximately theL
same for all lengths of the weir. For a still higher value of —  1
Lj
of the order of 2, the water springs clear from the upstream edge as 
for a thin-edged weir.
The lowest head for which the 'constant' coefficient may be used 
clearly depends upon the length, if, again, surface tension effects 
are negligible. The control remains over the roller at the upstream 
end until the critical flow there is drowned by a greater depth of 
water controlled from the downstream end of the weir. The downstream 
profile is determined not only by gravity but by viscosity and complete 
dynamic similitude is not possible without both Froude and Reynolds 
numbers being constant. It could not thus be expected that, for all 
weirs, the lower limit of the constant coefficient range would be found
jl
either at a single value of h or a single value of —  . A relatively
JLf
simple treatment of energy degradation due to friction can, however, 
give a fair estimate, in any particular case, of the head at which the 
downstream profile will drown the upstream control.
The present experimental results show similar Q v h relationships for
three lengths of weir and this is consistent with the assumption that in all
three cases, the flow pattern at the upstream end, which is the controlling
factor, is virtually unaffected by developments downstream over the range of
the reading. The small variation between results for the three lengths of
weir is hardly large enough to be significant. The greater, although still
minor, variation in coefficient with head is probably due to surface tension
effects as is the more abrupt falling off of the coefficient for heads below
30 mm. Viscosity, too, has perhaps a greater effect at small heads.
It is probably scale effect, too, which accounts for some of the erratic
h
values of the coefficient found by various workers at low values of  --- — .h + P
The value of the coefficient is, in many of these cases, due rather to the
P
small value of h rather than to the high value of —  , which would give 
conditions approximating to a channel of infinite depth.
10. CONCLUSIONS
In the following sections are set out the conclusions derived from the 
work described in the thesis with due regard to the findings of earlier 
investigations.
Approximations adopted in the development of the central bypothesis are 
acknowledged; so, too, are the limitations of the experimental work by which 
it was substantiated. Further work, therefore, is suggested both to give 
greater precision to the present results and also to establish a more refined 
analytical treatment yielding a truer account of the complexity of the problem. 
Nevertheless, the hypothesis developed affords a fuller explanation of the 
action of the square-edged broad-crested weir than has hitherto been available.
10.1 General Mode of Operation of Weir
One of the main points established in the thesis is that the action of the 
square-edged broad-crested weir is best understood if the weir is considered as 
a short open channel with a square inlet edge at its upstream end and a free 
outfall at its downstream end. The most general case may be taken to be that 
in which there exists at each end a control dictating the form of at least part 
of the surface profile over the weir. This situation, together with the special 
cases where one or other of the controls is suppressed, embraces all the various 
ways in which such a weir may operate and enables them to be seen as integrated 
into a single scheme.
For the downstream end, the manner in which the surface profile is drawn 
down so that the critical depth is established close to the overfall has been 
investigated by Rouse (31) while Southwell and Vaisey (37) have predicted the 
profile analytically using a relaxation technique. For the upstream end, however, 
an analytical treatment was lacking and one of the main objects of the present 
investigation (summarized in Sec. 10.2) has been to develop such a treatment. A 
separation zone or roller occurs at the crest close to the edge and the discharge 
over this roller is the maximum consistent with its presence,. The profile
downstream is, therefore, controlled from this point, the surface level rising 
due to the effects of friction. (Energy degradation due to friction appears 
consistent with a simple one-dimensional approach using the Darcy Wiesbach 
formula.)
If, then, the flow is supercritical below the upstream control and subcritica
above the downstream control it cannot pass from the one state to the other by a
smoothly rising curve. From the work of Benjamin and Lighthill (56) it may be
seen how the change may be made by a wave train if the difference in depth
between the supercritical and subcritical profiles is not great but also how,
for greater difference in depth, the first wave of the train must break in a
low hydraulic jump in order to satisfy energy and momentum requirements.
Two special cases require to be considered. If on the one hand, the weir
is sufficiently long, the subcritical profile will extend back far enough to
drown the control at the upstream end. The profile will be controlled throughout
from the downstream end and for a given head, further increase in length will
cause a decrease in discharge, resulting in a falling away of the coefficient of
discharge for low values of the ratio 7^  •
If, on the other hand, the weir is sufficiently short, the zone of separation,
normally equal in length to approximately twice the head, must inevitably be
modified, the surface profile falls throughout and the coefficient of discharge
h
rises with increasing values of the ratio —  .
Lj
h
Between these two extremes, for —  values in the approximate range 0.1 - 0.4,
Lj
the full separation eddy is formed and conditions around it near the inlet edge
serve as a control for the flow profile some distance downstream. This will
apply whether there is a transition to a subcritical profile through a wave train
or whether the flow is supercritical throughout so that no second control exists
at the downstream brink. In either case the flow pattern near the inlet remains
unaffected by conditions downstream and, correspondingly, the coefficient of
h
discharge varies very little for this range of values of the ratio 7- .
L
The analytical treatment of flow near the upstream edge developed in the
thesis yields for this range a value for the coefficient of discharge of 0.87-
The experimental work undertaken indicated a coefficient rising linearly from
0.82 to O.87 as the head was increased from 30 mm to 90 mm with a degree of
scatter indicated by a standard deviation for the linear regression of 0.008.
(For the three weirs used, flow seemed dependent on head rather than on the
ratio 7-.) Previous workers have all found that the coefficient of discharge
varied by only a few per cent for this range of 7^  but there is considerable
J-/
scatter within individual experiments and between different workers with results
generally in the range 0.82 - 0.88.
Clearly, then, there is a need for further work to relate the coefficient
of discharge more precisely to the various factors which may affect it. As a
preliminary, it would be well to establish the minimum values which the ratios 
ll ll
—  and —  must have in order for their effects to be negligible (say a fraction 
of 1%). With these factors eliminated for suitably high and wide weirs, the 
coefficient of discharge might be expected to depend not only upon the ratio — ■ 
but also upon surface tension and details of construction and finish. The effect 
of surface tension should be negligible if the head is greater than a certain 
value, to be established. Details of construction, however, can have a marked 
effect on discharge. Harris (50), investigating the rather similar phenomena 
of flow through an orifice and through a short tube found that a relatively small 
rounding of the inlet had an appreciable effect. From his results it emerged 
that to give to the square edge a radius of as little as 0.02 times the radius 
of the opening will increase the coefficient of discharge by 1 - 2% while a 
radius of 0. 10 times that of the opening will give increases of the order of 10%. 
The weirs used in the present work were formed of perspex sheet cut square but 
with rounding or bevelling to remove roughness of finish that could extend to 
some 0.3 - 0.4 mm from the edge. In view of Harris' work, it is possible that, 
at the lowest heads investigated, 20 - 3Q mm, the discharge could be measurably 
different than with a truly sharp edge. The records of earlier workers do not 
reveal what degree of rounding may have occurred in each case. A systematic
investigation of the effect of rounding, then, is greatly to be desired. So too
is the effect of surface finish generally, notably roughness. The true effect
ll
of varying head or the ratio —  could then be isolated. Such an investigation 
must be carried out with.facilities permitting a high order of accuracy if the 
effects of the various factors are to be evaluated and separated from each other. 
In the present investigation, rates of discharge were measured by a helix flow 
meter calibrated by means of thin-plate weirs. For the investigation advocated 
direct measurement by collection methods, either gravimetric or volumetric, would 
be appropriate. A comprehensive investigation under carefully controlled 
conditions in a single laboratory is essential in order to eliminate systematic 
variations in results of the type encountered by Francis and Miller (45) when 
they arranged for a single model weir to be calibrated in several laboratories. 
Weirs made of non-corrosive metal with adequate stiffening would permit precise 
construction, whether with rounded or truly square edges.
It would be of value also to examine the effect of giving to the crest 
varying downward slopes. Binnie (5l) has confirmed by experiments with sloping 
channels that standing waves exist where the Froude number is between unity and 
about By increasing the slope and hence the velocities for a given discharge
he found that the flow became waveless as the Froude number rose above unity.
Thus by giving to the crest a sufficient downward slope it should be possible 
to extend the range of 7^  values for which the discharge would be determined 
by the control at the upstream edge and for which, therefore, the coefficient 
of discharge would be expected to show little change. It might be expected, too, 
from the work of Wilson (52) on hydraulic jumps in sloping channels, that with 
increasing downward slope, the position of the transition from supercritical to 
subcritical profile would be less subject to variation, an advantage in practical 
applications.
10.2 Flow near Upstream Edge
The upstream control for flow over the weir is located over the separation 
zone or roller near the edge. In order to develop an analytical treatment capable 
of predicting the flow pattern and hence the discharge, whilst according with
this physical concept of flow over the roller, certain simplifying assumptions 
were adopted. The flow outside the roller was taken to be that of an ideal 
fluid while the roller itself was treated as a sharply outlined zone of constant 
piezometric head and its boundary as a free streamline. While its shortcomings 
are acknowledged and are discussed below, this hypothesis made possible the 
prediction, using a relaxation technique, of the surface profile and the pattern 
of the main flow over the roller. In the region well clear of the roller the 
disagreement between the measured and predicted directions of the velocity vector 
was of the same order as the experimental error,- 1 - 2°. Close to the roller, 
where there will exist a turbulent mixing zone, ignored in the simple hypothesis, 
not only was the agreement poor but the readings were very erratic. The effect 
was greatest for the downstream part of the roller; this would correspond to the 
diffusing of the mixing zone. The analysis yielded a value for the coefficient 
of discharge of 0.87, which, it is implied, should remain constant provided that 
the upstream control is not drowned. The figure falls within the range determined 
by experiment but, as described in Sec.10.1, further work is necessary to give 
greater precision to the effect on the coefficient of various factors.
The hypothesis, although developed as a tool to permit a mathematical 
treatment of the flow, represents a greatly over-simplified model of the complete 
flow pattern. With a long weir the static head in the separation zone as measured 
by the appropriate tappings in a pitot-static tube ranged from O.58H to 0o64H, in 
comparison to the predicted value 0.6lH - 0.62H, a discrepancy which might fall 
within the limit of experimental error. The greatest limitation of the hypothesis, 
however, lay not in errors in predicting the pressure but rather in its overall 
simplification of the flow mechanism. Thus, while it has served as a useful stage 
in advancing the understanding of flow over the weir, further developments are 
needed if a more precise treatment is to be attained. As has been described more 
fully in Sec. 5»15 a more realistic model would consist not of a simple static 
zone of separation divided from the irrotational flow by a free streamline, but 
of a circulatory zone, bounded by a turbulent mixing zone, the main mixing 
occurring where the zone diffuses over the downstream part of the region towards
the point of re-attachment. Over the upstream part of the region, however, it 
does appear from the work of Crabtree (49), that the pressure is indeed likely 
to be nearly constant. It is largely by the pattern of the external flow above 
this region that the discharge is determined. The hypothesis adopted, therefore, 
may be taken as a justifiable simplification provided that, as in the present 
study, its purpose is to specify boundary conditions for the irrotational flow 
and hence to predict the rate of discharge.
With the more refined model in mind, however, the flow could be more closely 
investigated .so that the manner of entrainment and diffusion between the zones 
could be better known. The most promising approach is probably the use of flow 
visualization techniques which avoid the insertion of instruments to disrupt 
the flow. Wood (53) describes such a technique whereby a uniform cloud of 
polystyrene beads, 0.2 mm diameter, earried in the water, are illuminated by a 
beam of light of uniform width which permits them to be photographed. The finite 
time of opening of the camera shutter or, more accurately, the use of a flashing 
lamp causes each illuminated bead to be recorded as a streak. The length of the 
streak, measured by a travelling microscope, yields the velocity of the particle, 
assumed to be that of the surrounding fluid, whiie the whole photograph will, 
of course, give an immediate representation of the flow pattern over the area.
An alternative technique based on illuminated particles is a particle 
velocity meter of a type described by Gaster (54) and more recently by a pamphlet 
of the National Physical Laboratory. The principle used is that the light reflec­
ted from a particle falls upon a transmission grating so that the velocity may be 
determined from the number of grating wavelengths crossed in a given time. A 
current model is able to sense flow direction.
Although not strictly applicable to the case of a weir, a wind tunnel 
carrying smoke particles may be used for the visualization of the allied problem 
of separation at a square edge in enclosed flow without a free surface.
With better knowledge of the pattern of velocities and, too, more accurate 
measurement of the pressure distribution, a sounder basis for the assumed boundary
conditions for the main irrotational flow outside the circulatory and mixing 
zones would be available. A great merit of the relaxation technique is that 
it could be adapted readily to a great variety of boundary conditions. These 
conditions may be specified in various ways, such as a boundary shape or a 
velocity or pressure distribution in the neighbourhood of a boundary. They may 
be based upon experiment but a fuller understanding of the entire flow situation 
would be achieved if they could be derived by analytical reasoning.
Such an understanding will be probably attained by drawing upon a knowledge 
of similar flow situations and using them as a guide for further experimental 
work and analytical development. Thus, Bourque and Newman (55) and Sawyer (56) 
investigated the re-attachment of a jet to an offset flat plate,, which has 
obvious affinities to the present case. They were able to predict the flow 
with fair accuracy by assuming a constant pressure in the separation zone and 
a velocity distribution in the jet similar to that in a free jet, whilst 
acknowledging the inaccuracy of these assumptions; the measured velocity 
distribution in the separation zone showed a low value at the centre, corres­
ponding to circulatory motion. Rajaratnam and Subramaya (47) studying the 
re-attached portion of such a jet found that its velocity distribution was very 
similar to that of a classical wall jet as described by Glauert (46). Mueller, 
Korst and Chow (57) found that a turbulent boundary layer downstream from a point 
of re-attachment had velocity profiles essentially the same as for a boundary 
layer developing towards separation, a phenomenon which has received•considerable 
study. These studies will be a valuable aid to the planning of further investi­
gations of the separated flow at the inlet to the weir.
Analytical approximations will require to be checked continually against 
experimental work and indeed to serve as a guide to that work. It will be 
important to determine not merely the mean flow pattern but also the secondary 
flow characteristics such as the production,, transport and dissipation of 
turbulence and the fluctuations at the downstream end of the separation zone. 
Rouse (33)? undertaking such an investigation for flow around a blunt-ended shaft,
was able to obtain a guide to the distribution of energy in the area. To 
adapt his approach for the square-edged weir might be very productive.
It would be of interest to widen the scope to include edges having different 
geometries such as rounding or a bevel at the edge or the entire upstream face 
inclined to the vertical. A sufficiently full understanding of separation could 
permit a single comprehensive treatment. The possibility of controlling the 
nature of the separation zone by a device such as an upstand on the edge or 
a downward step behind the edge could also be examined.
The complexity of the problem makes it seem that no single investigation 
will yield a solution free from approximation but rather that progress may be 
made by gradual analytical and experimental improvements each serving to guide 
the other. The present work has been concerned primarily with the inviscid flow 
outside the zone of separation. By adopting simplifying assumptions as to the 
separation zone, an advance in the analytical treatment of this main flow has 
been possible.
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APPENDIX B - OBSERVATIONS FOR DISCHARGE - HEAD RELATIONSHIPS
Measured
head
h
(mm)
Flow per 
unit width
q
(m^/s/m)
Total
head
H
(mm)
h
L
C
based on h
C
based on H
TABLE Bl. Weir length 152 mm
76.2 0.0317 77-1 0.500 0.885 0.869
69.9 0.0275 70.6 0.458 0.873 0.859
63.2 0.0233 63.8 0.415 O .858 0.846
56.9 0.0198 57.3 0.373 o'. 854 0.845
51-3 0.0168 51.6 0.337 0.847 0.840
45.7 O.Ol4l 46.0 0.300 0.846 0.839
39.4 0.0113 39-5 0.258 0.850 0.845
32.3 0.0082 32.4 0.212 0.830 O .826
26.9 O.OO6O 27.0 0.177 0.793 0.791
TABLE B2. Weir length 381 mm
84.6 0.0374 85.8 0.222 O .891 0.872
81.0 0.0346 82.1 0.213 0.880 0.863
72.9 0.0289 73-7 0.191. O .861 0.847
66.8 0.0249 67.4 0.175 0.847 0.835
60.2 0.0213 60.7 0.158 0.844 0.834
53.6 0.0178 53.9 0.l4l 0.843 0.835
47.5 0.0147 47.8 0.125 0.832 0.826
4i. 1 0.0119 41.3 0.108 0.833 0.828
38.9 0.0109 39-0 0.102 0.836 0.831
35.1 0.0093 35.2 0.092 0.832 0.828
32.5 O.OO83 VjO to • 0 0.085 0.832 0.829
26.4 0.0056 26.5 0.069 0.758 0.756
Measured
head
h
(mm)
Flow per 
unit width
(m-vs/m)
Total
head
H
(mm)
h
L
c
based on h
C
based on H
TABLE B3. Weir length 762 mm
84.3 0.0369 85.5 0.111 O .883 0.865
76.5 0.0313 77.3 0.100 0.869 0.854
70.1 0.0272 70.8 0.092 0.859 0.846
63.8 0.0234 64.3 0.084 0.851 0.840
57.4 O.OI98 57.8 0.075 0.845 0.836
51.8 0.0167 52.1 0.068 0.830 0.822
46.0 0.0139 46.2 0.060 0.825 0.819
40.4 0.0115 40.6 0.053 0.833 0.828
33.5 0.0085 33.6 0.044 0.810 * O .806
25.1 0.0054 25.2 0.033 0.800 0.798
22.1 0.0044 22.1 0.029 0.776 0.774
20.8 0.0038 20.9 0.027 0.744 0.743
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APPENDIX E - LIST OF SYMBOLS
wave amplitude, g rid  spacing 
width o f channel
distances to  boundary (as fra c tio n  o f a) 
co e ffic ie n t o f discharge 
co e ffic ie n t fo r  sharp-edged weir 
c o e ffic ie n t fo r  V-notch
c o e ffic ie n t fo r e ffe c t o f ve lo c ity  o f approach 
constants
loca l skin f r ic t io n  co e ffic ie n t
diameter
depth
c r i t ic a l  depth
/
depth upstream
depth at upstream edge
spec ific  energy
momentum flu x
pipe f r ic t io n  co e ffic ie n t
acceleration due to  g ravity
to ta l head on weir
s ta tic  head on weir
energy degradation
e ffe c tive  head on sharp-edged weir
s ta t ic  head
ve lo c ity  head
energy degradation per u n it length
constants
length of weir
distance perpendicular to  boundary 
height of weir
rate of flow per unit width
Reynolds number
velocity
velocity upstream
velocity outside boundary layer
Weber number
horizontal distance
vertical distance
energy coefficient
pressure coefficient
boundary layer thickness
displacement thickness
momentum thickness, angle
wave length
kinematic viscosity
shear stress
stream function
